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Page  2. 

In  the  book  ire  examined  some  urgent  problems  of  the  theory  of 
the  random  processes,  in  development  of  which  a great  role  is  played 
by  the  works  of  an  thors  themselves.  It  is  calculated  first  of  all  to 
the  specialists  In  the  probability  theory,  but  its  many  sections  they 
are  of  interest  far  the  theory  of  complex  variable  functions  and  a 
functional  analysis.  Some  sections  of  a book  directly  concern 
important,  applied  problems  of  the  type  of  the  "isolation/liberation 
of  signal  against  the  background  of  random  noise",  etc. 

r jes  '• -4.  * . n i r |. 

Page  5. 

PREPACK 

The  book  is  dedicated  in  essence  to  the  following  three  problems 
which  are  examined  by  us  in  the  case  of  Gaussian  stationary 
processes.  first,  this  explanation  of  the  conditions  of  the  mutual 
absolute  continuity  (equivalency)  of  the  different  probability 
distributions  of  the  "segment  of  random  process"  and  the 
determination  of  efficient  formulas  for  the  densities  of  equivalent 
distributions.  In  the  second  place,  the  description  of  the  classes  of 


V 

i 

I 
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the  spectral  leisures,  which  correspond  in  this  or  another  sense  to 
regular  stationary  processes  (specifically,  that  satisfy  the  known 
condition  of  "powerful  aixing"),  and  also  the  sub-classes,  which 
correspond  that  or  to  another  "speed  of  airing".  Thirdly,  this 
evaluation  of  the  unknown  average  value  of  the  randoa  process,  ainus 
of  this  average,  which  is  stationary,  i.e.,  figuratively  speaking, 
the  problen  of  tha  "isolation/liberation  of  signal  against  the 
background  of  steady  noise".  Furthermore,  in  the  book  are  stated  soae 
auxiliary  inforaation  (distribution  in  hilbert  spaces,  different 
properties  of  saiple  distribution  functions,  a series  of  the  theorens 
of  the  theory  of  the  coaplex  variable  functions,  etc.). 

i 

The  problea  about  the  equivalency  of  different 
infinite-dimensional  Gaussian  distributions,  beginning  approxinately 
froa  195R,  intensaly  studied  by  many  aatheaat icians  (systematic 
presentation  of  the  basic  results  can  be  found,  for  example,  in 
monograph  [23]).  In  the  book  consecutively  is  examined  the  case  of 
Gaussian  stationary  processes,  in  which,  as  we  set/assume,  it  was 
possible  to  obtain  the  sufficiently  final  solution. 

Page  6. 

The  second  of  the  problems  indicated  closely  related  with  the 
questions  of  the  ergodic  theory  of  Gaussian  dynamic  systems,  with  the 
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theory  of  forecasting  stationary  processes  and  concerns  (fron 
probabilistic  point  of  view)  the  conditions  of  the  weak  dependence  of 
"future"  process  on  its  "past"  whose  use  led  to  so  fruitful  a theory 
of  liait  theorems  for  dependent  variables  (for  exaaple,  see  [14  1, 

'ki  nd , 

r 2 2 "))  ; by  the  aost  widely  known  condition  of  such  rriin  mrtn^  i - 


the  so-called  condition  of  "powerful  nixing".  The  problens,  which 
appear  in  the  exaaination  of  the  varied  conditions  of  regularity,  in 
the  Gaussian  case  are  reduced  to  the  peculiar  approxiaating  problens 
of  linear  spectral  theory.  The  research  in  this  direction  led  to  the 
alnost  final  solution  to  problea.  In  the  book  will  be  fed  the  result 
of  these  research. 


Finally,  the  problea  of  the  evaluation  of  average  is,  possibly, 
oldest  and  aost  popular  in  nathenatical  statistics.  There  are  two 
known  approaches  to  the  solution  to  this  problea.  Specifically,,  by 
knowing  the  spectral  density  of  steady  noise,  it  is  possible  to 
construct  the  best  unbiased  estinates;  otherwise  it  is  possible  to 
resort  to  the  aethod  of  least  squares. 

We  propose  one  general  class  of  the  estiaations,  naned 
"pseudobest",  which  includes  and  the  classical  estiaations  of  least 
squares,  and  the  best  unbiased  estinates.  For  such  "pseudobest" 
estiaations  are  given  explicit  expressions,  are  located  the 
conditions  of  justifiability,  are  derive/concluded  asyaptotic 


4 
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formulas  for  a correlation  error  Matrix,  are  establish/installed  the 
conditions  of  asyxptotic  efficiency. 

One  should  say  that  the  results  which  concern  the  conditions  of 
regularity  and  evaluation  of  average,  are  formulated  in  spectral 
terms  and  automatically  are  transferred  (within  the  framework  of 
"linear  theory")  by  arbitrary  stationary  in  the  broad  sense 
processes. 

In  conclusion  we  communicate  that  the  numbering  of  foraulas, 
theorems  and  so  forth  its  in  each  chapter.  For  exanple,  (4.21)  it 
indicates  formula  21  of  §4  current  chapters.  For  reader's  convenience 
in  text  frequently  are  given  the  references  to  known  textbooks  and 
monographs  (as  exoeption/elimination  - the  review  papers)  whose  copy 
is  given  at  the  ead  of  the  book. 
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Page  7. 

Chapter  I 

INTRODUCTION.  SOME  PRELIMINARY  INFORMATION. 

81.  Gaussian  probability  distributions  in  Euclidian  space. 

Probability  distribution  p in  N-dinensional  vector  space  Rn 
is  called  Gaussian,  if  the  characteristic  function 

q,(u)-  J <?<<«•  *>P(dx), 

(here  indicates  the  bared  vector  product  11  =*(« “J  and 

x-(x **))  takas  the  fora 

q>(«)*  exp  |»(«,  a)~j(Bu,  k)},  Me/?",  (1.1) 

vhere  a-(a, - the  so-called  average  value,  B is  a linear 

positive  operator,  called  correlation  operator;  his  assigning 
■atrix/die  {6*/)  is  called  correlation  watrix/die.  In  this  case 
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(u,  a)-  J («,  x)P(dx), 

(flu.  v)  - J ((«,  x)  - (u,  a)J  ((o.  x)  - (t>,  a)]  P (rfx);  (1.2) 
B,oe  /?". 


Page  8. 

Probability  listribution  P with  the  average  value  of  a and  the 
correlation  operator  B is  concentrated  in  the  n-dinensiona 1 
hyperplane  L of  space  /?”  (n-rank  of  the  correlation  aatrir/die), 
which  can  be  described  as 

L - a + fl/?\ 

(L  is  a set  of  all  vectors  forn  y * a ♦ Bx,  xt=R*). 

Specif ical ly, 

whereupon  probability  distribution  P is  absolutely  continuous 
relative  to  Lebesgue  neasure  dy  in  hyperplane  L: 

P(H-  / Piy)dy,  (1.3) 

rru 

where  the  density  of  distribution  p(y),yeL,  has  the  forn 


■ 


DOC  = 77182301 


PAGE  Xtr  7 


\ 


P^  = (2n)m/J<ietB 


exv[-\(B-'(y-a).  (y  — a))]  (1.4) 


(here  det  8 indicates  the  daterninant  of  the  aatrix/die,  which 
assigns  operator  B in  subspace  /?"'-=  BRn,  and  B“*  is  an  operator  in  this 
subspace,  reverse  to  B)  . 


$2 . Gaussian  random  functions.  Assignaent  of  probability  neasure. 

Let  (Q,  ft,  P)  be  certain  probability  space,  i.  e.  , the 
measurable  apace  of  cell/eleaenta  with  probability  aeasure  P 

in  certain  v-algebra  ft  aeta  /Icq, 

The  real  measurable  function  £ = € (w)  on  space  Q is  called 
randoa  variable.  The  set  of  random  variables  5 (t)  = 5 (u,  t) 
(parameter  t passes  certain  multitude  T)  is  called  the  random 
function  of  the  parameter  teT.  Random  variables  themselves  £ (t) 
are  called  the  values  of  this  randou  function  £ = £ (t) ; with  that 
vhich  vaa  fix/recorded  ®eQ-  is  real  functions  £ (w,  •)  = € (G>,  t) 

of  is  called  saaple  distribution  function  or  the  trajectory 


of  raadoa  function  £ = £ (t) 
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Let  os  consider  certain  space  X of  the  real  functions  x * x (t) 
of  lef,  in  which  enter  all  trajectories  t ■ € (u,  t)  , teT, 
rand oe  function  C = 5 (t)  (for  exaaple,  this  property  possesses  space 

ix-Yj 

v — Til  real  functions  x = x (t)  , ief).  Let  us  designate  aininun 

•-algebra  of  the  sets  of  function  space  X,  which  contains  all 
cylindrical  aultitudes  of  this  space,  i.e.,  the  set  of  ths  form 


l *(/,) x«„)]er 


(2.1) 


(the  set  indicated  (2.  1)  it  consists  of  those  functions  x = x (t)  , 

for  which  the  values  lx(f|) x(OI  in  the  undertaken  points 

(J. tn^T  j 

KYsiga  tha  sector,  which  belongs  to  borel  set  r 

w-dimensional  wector  space  ft")-  The  representation  $ » f (e) , with 
which  each  a>eU  answers  the  corresponding  sanple  distribution 
function  ? («,  •)  3 ? (m,  t)  of  teT,  - the  cell/elemant  of  space 
X,  it  is  the  aeasurable  representation  fron  probability  spaced.  H,_P) 
into  the  aeasurable  space  (X,  V).  Sets  /left  forn  - the 

prototypes  of  sets  do'll  with  the  representation  Indicated  ? 

(t§ , •)  - in  set  is  forned  ^-algebra.  This  «-algebra  ^ is  ainiaon 
aaong  w-algebra  of  the  sets,  which  contain  all  naltitudes  of  the  fora 

lift,) r <2.z) 


(the  set  indicate!  consists  of  those  cell/eleaents  ©eQ,  for  which 


DOC  * 77182301 


PAGE  *? 


value  IK®*  *i)»  •••’  assign  the  vector,  which  belongs  to  borel 

set  r » -dimensional  vector  space  #")*  or  as  otherwise  they  speak, 
•-algebra  it  is  generated  by  values  f (t)  , /<=r  The 

probability  Measure  Pi*  deterained  on  #-algebra  fi  by  the 
relat ionsh ip/ratio 

Pt(B)  = P{|eB),  Be  93,  (2.3) 

is  called  the  probability  distribution  of  random  function  5 = C (t) 

(in  the  appropriate  function  space  X). 

Page  10. 

Let  us  turn  to  the  question  concerning  that,  when  the  assigned 
family  of  real  values  5 (t)  = £ (u,  t)  on  space  Q (parameter  t passes 
set  T)  it  is  random  function  with  the  assigned  probability  ***’ 
distribution  P more  precise,  when  exists  the  probability  measure 
in  space  D,  connected  with  specified  distribution  Pt  by 
relationship/ratio  (2.3).  In  this  case  it  is  assumed  that  the  set  t 
(0)  all  sample  distribution  functions  € (u,  •)  = C (e,  t)  of  (ef 
belongs  to  space  X. 


It  is  easy  to  see  that  this  probability  measure  p exists  when 
and  only  when  set  t (Q)  has  full/total/complete  external  measure, 
i.e.. 


H 

\ i 
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Pl(B)-l  vith  B3l(Q)  (2.4) 

for  any  aeasurable  aultitude  geX. 

Actually*  if  P(  is  a probability  distribatioa  of  raados 
function  £ * £ (t)  * than  for  any  aultitads  IeX,  which  lias  at 
addition  to  sat  £ (Q)  , tha  prototype  geB)  is  void  set  and 

Pl(B)-PRefl}-0. 

On  the  other  head*  for  any  aultitudes  B ,,  Bje9,  which  have  one  and 
the  sasa  prototype:  Re  fl,}«=((e  BjJ.synaet  rical  difference 

Tt~enT*ns  in  addition  to  set  ( (Q)  * and  under  condition  (2.4) 

A 

P((Bi  ® flj)  = 0,  Pi(fl,)-Pi(B,). 

Therefore  the  relationship/ratio 

PReB)-Pt(fl),.  (25) 

determines  single- valaed  fanction  P = P(A)  in  *- algebra  ft*  all 
aultitudes  of  fora  A - R e B),  Be9.  generated  walnas  £ (t),  teT.  If 
is  obvious*  P to  eat  a probability  aeasure  and  £ = £ (t)  - randoa 
function  on  probability  space  (Q.  *.  p)  with  the  assigned  probability 
distribution  Pi- 
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The  probability  aeasure  P in  walgebra  % generated  values  e 
(t) , 6(/),  / e T,  unaabiguously  is  defined  by  f iaite-dineasioaa  1 

distributions  p', each  of  which  is  the  Borel  aeasure  in  the 

appropriate  N-diaansioaal  vector  space  Rn,  defined  as 

P,, ^(O-P  {[!(*,) |(/.)]er)  (2.6) 

„ •••.  S (<.)!• I 

P«i '«  is  the  probability  distribution  of  randoa  vectoV"  ""  ' 

Specifically f 

P\A)-inlSP(A,).  (2.7) 


where  lower  bound  is  taken  on  all  aultitudes  Ak  forn  (2.2),  in  set 
that  which  cover  s et  A <=  It.  specif ically , this  is  related  also  to 
probability  distribution  Pi  in  the  appropriate  function  space  X - to 
probability  aeasure  in  w-algebra  generated  by  the  directly 
assigned  aagnitudes  £ (t)  * t (x,  t)  on  space  X,  i.e. , by  the  values 
of  the  fora 

E (/.  a:)  = x (2),  x<=X  (2.8) 


(where  fixed /re  corded  for  each  functional  f (x,  t)  ■ x (t)  of  xeX 
paraaeter  t passes  set  T) . 
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■ 

Let  as  designate  T x Rn~m  bocel  set  ia  the  b-diaensional  space  of 
vectors  x (/.,)!  such,  ahat  (ar (<«,). . . .!  r (r  - borel  set  in 

a-diaensional  subspace  R’n s /?"),  and  resaiaing  coordinates  x(t,)  are 
arbitrary.  The  fin ite-diaensioaal  distributions  are  Batched  in  the 
sense  that 

P«t t„(Tx  R"'m)  -P.  I,  (H  (2.9) 

1 " (|  lm 


for  all  nultitades  of  the  type  indicated. 

Let  X - Rt  be  space  of  all  real  functions  x - x (t) , t^T.. 

According  to  Rolaogorov's  known  theorea  » any  Hatched  fanily  of 

distributions  P(i '«  assigns  on  the  algebra  of  all  cylindrical 

aultitudes  (2.1)  continuous  additive  function  P (determined  by  the 
foraula  (2.6) , in  which  figure  the  directly  assigned  aagnitudes  of 
fora  (2.8)). 

EOOTBOTE  ».  see  [9],  page  150.  EHDEOOTROTE. 

Page  12. 
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This  function  unaabiguously  is  continued  into  probability  neasure 
in  #-algebra  9.  The  directly  assigned  randoa  function  f * t (t)  with 
the  raises  e (t  indicated)  = e (x,  t)  on  probability  space  (X,  «,  p) 
has  the  finite-diaensional  distributions,  which  coincide  with  the 
initial  eatched  distributions  Pi <„• 

Being  transnitted  of  probability  distribution  P = Pt  in 
function  space  X,  under  condition  (2.4)  it  is  possible  to  deternine 
(see  fornula  (2.5))  the  probabilistic  faith  in  the  appropriate  space 
Q. 


taadoa  functions  t = 5 (t)  and  € * f (t)  with  values  on  just  one 
probability  space  are  called  equivalent,  if  with  probability  1 (for 
alaost  all  ®eQ) 

|((d,  /)-.!(«>,  0 


with  each  fix/recorded  teT.  Are  obvious,  finite-diaensional  are 
obvious,  the  f inite-diaensioaal  distributions  of  equivalent  randoa 
functions  coincide.  By  passing  to  equivalent  randoa  function  £ * 5 
(t)  with  trajectories  in  this  or  another  function  space  X,  it  is 
possible  to  deternine  (see  foraula  (2.3))  probability  aeasure,  also, 
in  this  space. 


Randoa  variables  are  called  Gaussian,  if  Gaussian  are  their 


DOC  * 77182301 


PAGE 


finite-dinensional  distributions.  Is  sore  precise  (when  with  certain 
paraaetrixation  we  are  dealing  with  randon  function  E * E (t)  of 
parameter  /ef),  walue  E (t.)  = f (u,  t)  and  function  itself  £ = E 
(t)  are  called  Gaussian,  if  Gaussian  are  all  the  finita-di sensional 

distributions  P«, V Gaussian  is  called  probability  Measure  p in 

•-algebra  ***’  generated  all  values  6 (t). 

Each  of  the  f inite-dinensional  distributions  p‘, •„  Gaussian 

randon  functions  * » E (t)  has  the  average  value  a(t„) ] and 

correlation  natrix/die  {B(tk,  /,)},  where  a (t)  , lef,  - average  value 

of  randon  function  E * E (t)  , and  B (s,  t) , s,  teT, 
correlation  functions  »: 

ato- Mew. 

Bis,  0 “ M U (a)  — a (s)) It (0  — a (/)),  s,  t e T.  (2.10)  , 


POOTHOTE  1 . BE  indicates  the  nathenatical  expectation  of  randon 
variable  E * E (w)  on  probability  space  (0,  a*p)-  Js(«)P(<n*). 

PE  DPOOTBOT  B. 
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Thus,  the  Gaussian  measure  P in  «-algebra  usasbiguou sly  is 
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determined  by  its  by  the  average  value  of  a (t)  , teT,  and  by  the 
correlation  function  B (s,  t)  , s,  teT. 

The  average  value  a (t) , teT,  can  be  arbitrary,  and  the 
correlation  function  B (s,  t) , s,  teT,  satisfies  only  the 
condition  of  the  positive  definition: 

2 ckc,B(tk,  t,)>  0 (2.11) 

*.  f-i 

for  any  tit...,tneT  and  real  ci>  ••••  c»- 


For  any  functions  a (t) , teT,  and  by  positively  deternined  B 
(s,  t) , s,  teT,  there  is  Gaussian  randoa  function  with  the  average 
value  of  a (t) , ter,  aBd  b7  the  correlation  function  B (s,  t)  , s, 
'^-V'S'pecif  ically,  the  Gaussian  distributions  ^'i  ••••'«  with  the  average 

values  (a(/,) a(t„) ) and  correlation  aatrix/dies  {/?(/*,  t,)}  are 

matched  and  is  assigned  Gaussian  Measure  P in  space  X **  R1  all 
real  functions  x = x (t)  of  teT,  determined  in  *~algebrn  = 
which  is  generated  by  the  directly  assigned  Magnitudes  f (t)  - € (a, 
t)  on  X of  forn  (2.8)  (paraseter  t passes  set  T). 


83.  Some  lennas  about  the  convergence  of  Gaussian  values 
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let , -£«(©),  n = 1,  2,  ....  certain  sequence  of  randoa  variables 

on  probability  space  (Q,  91,  P). 

Page  14. 

Sequence  l»>  a * 1,  2,  it  is  called  that  which  is  converging  on 

probability  oa  set  to  cortaia  value  £ = £ (u)  , if  for  any 

e > 0 

lim  P ({ 1 5*  — 6 1 > *}  f"M)  — 0.  (3.1) 

n ■>  oo 

Recall  that  the  sequence  n = 1,  2,  descends  on 

probability  when  and  only  when  it  is  fuadasental  >,  i.i.,  on  the  saae 
aultitude  A descends  on  probability  to  0 sequence  A**  = £„ - |m,  a,  ■ = 
1#  2, : • 


FOOTNOTE  ».  See,  for  eraaple,  [8],  page  90.  EKDFOOTNOTE. 


Leaaa  1.  If  the  sequence  of  Gaussian  valsos  £«’  a * 1 , 2,  ..., 
descend  os  probability  on  certain  aultitsde  A e ft  positive  aeasore 
(P  (A)  > 0),  then  it  it  converge  in  aean: 
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lim  M(4„-JP-0.  (3.2) 

n > oo  ' 

Proof.  Lot  as  consider  Gaussian  values  Anm  = £,,-U-  For  any 

e > 0 

P ( 1 4,.|  > «)  - 2 J yJy-  «P  { - d 

where  anm  — MA,m,  al„  = M (Anm ~ anmf-  Lot  us  osouse  that  the  sequence  n * 
1,  2,  ....  sot  converge  la  oeaa,  which  is  equivalent  to  tho  condition 

ilm  (a\m  + a’m)  > 0. 

ft,  m-»eo 

It  is  easy  to  see  that  under  this  condition  for  certain  positive 

e 

iim  P {lAn,.!  > e)  ^ I — p/2, 

n,  m-poe 

whore  p = P(A)>0.  But  then 

P((JABJ>s)fM)>p/2. 

n,  m-poo  y 

which  contradicts  condition  (3.1). 

Page  15. 


Iim  MA*  » Iim 

n,  m-*  oo  n,  m-e 


m (aim  + C«m)  “ 


Therefore 


DOC  » 77182301 


PAGE  JVT /t 


i. e.  sequence  In*  , n * 1,  2,  is  fundaaental  on  the  average  and, 

therefore,  it  converge  in  Bean,  Q.  E.  D. 

Specifically,  if  the  sequence  of  Gaussian  values  n ■ 1,  2, 

descend  with  positive  probability  (i.  e.  descends  for  all  w froa 
certain  aultitade  -4e?l  positive  aeasure)  , then  it  it  converge  in 
aean. 


Let  us  consider  the  sequence  of  independent  Gaussian  valaes 
n = 1,  2 , a # , 

Lea a a 2.  A series  <£*"  descends  with  positive  probability 
when  and  only  when  descends  a series  v M|2n. 

« — l 

Proof.  It  is  obvioas, 

SMS-MIX 

n—  I n-l 

and  therefore  froa  convergeace  of  series  it  follows  that 

i*  *laal  for  alaost  all  sga  i.e.,  a series 
^••esnds  aitk  probability  1.  Let  now  a series  2 S*  descend  with 

n-l 

positive  probability  (on  the  strength  of  known  lav  aero  or  of  one  * 
it  descends  with  probability  1). 

' 1 


A 
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FOOTNOTE  ».  See,  for  exaaple,  [8],  page  157.  BKDFOOTMOTB. 


Then  sequence  6„,  n * 1,  2,  converge  to  0 on  the  averages  M|* -*  o 


with  a 


" (see  leaaa  1) . 


Page  16. 


Let  us  assuse  a*- 


Then 


|b|>I  * I 


where  rand  on  variables  6',  are  defined  as 


i»-(„  'ti> !: 


with  + ve  have 


i*l>i  1 " t 


so  that 


M(5')*~a*  + ctJ 


According  to  the  well  known  theoren  about  three  series  » for  the 
convergence  (eith  probability  1)  of  a series  26’  froe  independent 
variables  l*.  a ■ 1,  2,  it  is  necessary  that  2M(l')*<oo. 
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FOOTHOTE  *.  See,  for  example,  [8],  page  166.  EKDPOOTNOIE. 

on 

Bit  M (U,)* ~ o’  + a\<  aid  therefore  fron  convergence  of  series 
follows  that  SK + 0»)< °°- 

n—  I 


54.  Gaussian  valaas  in  Hilbert  space. 


Bandoa  variable  £ in  Euclidian  n-diaensional  space  Rn  is  called 
Gaussian,  if  Gaussian  is  its  probability  distribution. 

The  raadoa  variable  I <=  Rn  is  Gaussian  when  and  only  when  with 
each  u€BRn  Gaussian  is  the  real  value  £ (u)  = (u,  £)  (equal  to  the 
scalar  product  of  cell/eleaents  a,  i «s  Af"). 

Actually,  value  at  point  u^Rn  characteristic  function  ♦ (u) 
randou  variable  l&R"  coincides  with  the  value  of  the 
characteristic  function  of  real  randon  variable  £ (u)  * (u,  £)  at 
point  1 and  takes  the  forn 

v(u)-  » - exp  |i  (u,  a)-j(Bu,  «)|,  ue  R* 
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(see  formula  (1.1),  where  (u,  a)  - the  average  value,  a (Bu,  u)  - the 
dispersion  of  Gaussian  value  5 (u)  - (u,  €)). 

Page  17. 

It  is  obvious  that  the  randos  variable  is  Gaussian  when 

asd  only  when  Gaussian  is  the  randon  function  of  forn  f (u)  = (u,  5) 

of  ue=Rn. 

Let  0 be  the  total  separable  Hilbert  space  and  € = 6 (u)  - 

function  on  probability  space  (U,  P)  with  values  in  0.  Bandoa 
element  £ Hilbert  space  0 it  is  called  random  variable  in  0,  if  the 
scalar  product  (u,  6)  with  each  “e(/  is  real  random  variable, 
i.e. , a measurable  function  in  probability  space  (Q,  71,  Ph 

Bandoa  variable  £ In  Hilbert  space  U is  called  Gaussian,  if  with 
each  ueU  Gaussian  is  the  real  randon  variable  f (u)  = (u,  C) . 

This  is  equivalent  to  the  fact  that  Gaussian  is  the  randon  function  € 
(a)  * (a,  €)  of  since  Gaussian  will  be  not  only  the  separate 

values  £ (u)  ■ (u,  $) , but  also  any  vector  values  [£ (ut),  . . !(“«)!• 


Is  obvious,  the  average  value 

a (u)  = M (u,  |),  ug(/, 

randou  function  f (u)  = (u,  ?)  , U(=U,  is  linear  functional,  and  the 

correlation  function 

B (u,  t')  = M [(m,  I)  - a (u)]  [(t>,  l)  - a (»)],  it,  v^U, 

- by  bilinear  positive  functional  on  hilbert  space  o. 

Page  18. 

In  this  case,  since  with  each  fix/recorded  BeQ  the  scalar  product 
(u,  S)  is  a continuous  function  of  uezU,  for  Gaussian  function  ? 

(u)  * (u,  C)  of  uze  U it  nust  occur  and  continuity  on  the  average 
(see  lenna  1)  : 

lim  M l(u,  |)  - (u,  £)]*  - 0 

II »-» |i -»o 


(4.1) 
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( (ji u#  indicates  the  noca  of  cell/elesent  u^u).  Bat 

M ((u,  £)|*  = a(u-  o)*  + B(u-  v,  u-v ) 

and  condition  (4.1)  indicates  the  continuity  of  functionals  a (u)  and 
B (u,  v). 

As  any  linear  continuous  functional,  the  average  value  a (u)  is 

representable  in  the  fora 

n(u)  = (u,  a),  u^U.  (4.2) 


The  cell/e  leaent  a e (/,  indicated  which  possesses  those  by  property, 

vh  ich 

(u,  a)  = J (u,  l (to) ) P (d(o)  (4.3) 

c 

with  all  ueU,  Is  called  the  average  value  1 randon  variable 


FOOTNOTE  ».  Apropos  of  the  integrability  of  functions  with  values  in 
Hilbert  space  see,  for  exaaple,  [26],  page  59.  ENDFOOTN3TE. 


As  any  bilinear  positive  continuous  functional,  the  correlation 
function  B (u,  v)  is  representable  in  the  forn 
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B ( u , v ) - ( Bu , i>),  U,  ve  U,  (4.4) 

where  B is  1 invar  positive  correlation  by  operator**^  S P^c 

ClA\(e.iA.  t\  C.  o r '''i*  \ a *1  1 ir>'  YA  o (>  *?  ■''  oFVc-f' . 

Let  us  show  that  the  correlation  operator  B is  conpletely 
continuous. 

Actually,  any  ort honor aalixed  sequence  v,,  vt  ...  weakly 
converge  to  0r  so  that  at  all  <oeu  Gaussian  values  £«  “ (0„.  £),  n 1 
1,  2,  ...r  where  | = | (t»)e(/,  converge  to  0 with  n - ^ -. 

Page  19. 

Consequently  (see  lemaa  1),  they  descend  on  the  average,  i.e., 

M vn)-*0 

(here  and  throughout  we  consider  for  sinplicity  of  notation  that  the 
average  value  aeU  is  equal  to  0).  If  one  assuaes  that  the 
operator  B is  not  conpletely  continuous,  then  outside  certain 
vicinity  of  zero  it  found  the  infinite  nuaber  of  points  of  the 
spectrua  (taking  into  account  aultiplicity)  and,  therefore,  the 
infinite  nuaber  of  invariant  orthogonal  subspaces,  for  each  of 
cell/eleaents  of  which 
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Mr  SLiT 
(flu,  u)—  J Kd(EKu,  u)  >e||u|p, 

- • IM>« 

g _ j X dE 

where  J x - the  spectral  representation  of  the  continuous 

syanetrical  operator  B. 

further,  let  us  select  the  f ull/total/coeplete  or thon ornalized 
basis  frow  its  own  cell/elenents  v1#  v2  ...  this  coapletely 
continuous  syaaetrical  positive  operator  B,  which  correspond  to  the 
eigenvalues  •*»,  *?2,....  The  corresponding  values  I*  “ (o*.  £)•  k ■ 1, 
2,  ...»  are  not  correlated: 

= (flo*.  f/)  = (^  with  / = *• 

10  u,,<Vk  / 

In  this  case 

2 ll  (®)  - £ (°*>  5 = H 5 (<»)  IP- 

I I 

As  is  known,  the  uncorrelated  Gaussian  values  are  independent 
variables,  and  froa  convergence  of  series  2fc*(®)  (with  all  w)  cones 

oo 

convergence  of  series  (see  leaaa  2). 

i 

Page  20. 

Consequent ly , 

2 (flu*,  vk)  » 2 - V a?  < 00, 

i i | 


J 
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i. •.  the  correlation  operator  B is  nuclear  4:  for  any  orthonoraal  set 


U(, 


U 


i 


(4.5) 


POOTNOTE  ».  See,  for  exaaple,  [5],  page  55.  ENDFOOTlfOTE. 


Thus,  if  there  is  a Gaussian  randoa  variable  Is  then  randoa 
function  E (u)  = (u,  E)  the  paraeeter  u&U  hae  the  average  value 
of  fora  (4.2)  and  the  correlation  function  of  fora  (4.4),  where  the 
correlation  operator  B is  nuclear  operator  in  hilbert  space  0. 


Let,  now  £ (u)  , ueW.  be  an  arbitrary  Gaussian  ranloa  function 
with  the  average  value  of  fora  (4.2)  and  by  the  correlation  function 
of  fora  (4.4),  where  B is  a nuclear  operator  in  hilbert  space  U.  Then 
there  are  equivalent  by  it  randoa  function  E (u),  ue(j  ®nd 
Gaussian  randoa  variable  ( * ( («*)  in  0 such,  that 

!(«)-(«.  1).  umU.  (4.6) 


false  £<=£/  indicated 


at  alaost  all  eleaentary  issues  w can  be 
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determined  by  the  formal* 

! (“)  - 2 5 (°k)  f*.  (4.7) 

where  vt,  rs  ...  - the  full/total/complete  orthonormal  sat  from 
nuclear  operator's  their  own  cell/elements  B,  and  on  the  strength  of 
the  relationship/ratio 

M °*)<  00 

k-i  *-i 

eo 

for  independent  Gaussian  values  € (v,)  , f ( v2)  . ...  a series 

*-i 

descends  with  probability  1. 

Page  21. 

In  fact.  € (m).  ue  {/,  is  random  linear  functional  in  the  sense 
that  with  the  probability  of  1 

|(X|U|  + MjI  = *i£(«i)  + hlM 

where  any  real  X|r  Xa  and  any  cell/eleaents  ut.  ut^U,  since  as  is 
easy  to  check. 

M IS  (Mi  + Mt)  - x,|  («,)  - A*  (H,)]2  = o. 

Purthernore,  this  randoa  functional  € (u)  is  continuous  on  the 
average  (see  (4.1)  and  further),  and  since 
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that 

&(«)  = lim|f  V(“-  lim 
"-»*  \*-|  / 


(in  the  sense  of  lean  convergence),  but  at  the  sane  tine  with 
probability  1 

(«,£)=lim  2 )(u,  ^l(vh)vk)~  lim  y(u,D*U(u»), 

V 

so  that  with  probability  1 for  each  value  € (u)  the  initial  randoa 
function  ? (u)  , u^U,  occurs  equality  (4.6). 


Thus,  ve  arrived  at  the  following  result  >. 


FOOTNOTE  ».  Survey /coverage  of  results  about  distributions  in  linear 

ju,  ■ 

spaces  is  available,  for  exanple,  froi 'Stf''  V.  Prokhorov  (Tu.  V 
Prohorov,  The  nethod  of  characteristic  functionals,  Proc.  4th 
Berkeley  syapos.,  Tol.  2,  1961,  403-419).  ENDFOOTNOTB. 

t 

Theorea  1.  Saussian  functional  f (u)  , u <=  U,  on  Hilbert  space  0 
let  ne  present  in  fornula  (4.6)  when  and  only  when  the  average  value 
a (l)  , ueU,  linear,  and  the  correlation  fenction  B (u,  v),  u. 
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* bilinear  continuous  functionals,  whereupon  in  representation 
(*-*)  of  the  bilinear  functional  B (u,  v)  the  corresponding  operator 
B is  nuclear. 

As  is  known,  hilbert  space  U it  is  possible  to  identify  with  the 
con jugated/conbined  space  X of  all  linear  continuous  functionals  on 
0. 

Page  22. 

Specifically,  each  sack  functional  x<=  X unambiguously  is  assigned 
by  fornula  x - (u,  i)  , «e(/,  where  x«=U  - the  deternined 
cell/eleaent  hilbert  space  0.  According  to  that  which  was  presented 
in  §2  any  Gaussian  randoa  function  € (u),  uesu  fori  (4.6) 
corresponds  the  probability  distribution  Pt  in  hilbert  space  X * 0 
("selective  functionals"  5 (u)  = (u,  € C.W3J lfu(=U,  they  belong  to  X). 
Gaussian  neasure  P«  is  deternined  in  w-algebra  generated  by 
cylindrical  nultitudes  of  space  X * 0 of  the  fora 

K«i.  *) ( un , x)l  e T,  (4.8) 

•bare  uneU  and  r - the  Borel  sets  of  n-dinens  ional 

Euclidian  space;  valgebra  © indicated  is  generated,  obviously,  by 
the  directly  assigned  sagaitades  of  the  fora 

6 (x,  «)-(«,  jt),  xeX, 


(4.9) 
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•here  parameter  u passes  space  0*1. 

For  any  cell/eleaent  a <=  U and  the  positive  nuclear  operator  B 
there  is  Gaussian  randoa  function  5 (u)  , ueu,  forn  (4.6)  with  the 
average  value  aeU  and  the  correlation  operator  B.  There  is 
directly  assigned  Gaussian  function  of  such  type  with  the  values, 
deterained  by  foraula  (4.9)  on  probability  space  ®.  pi)- 

Exaaple.  Gaussian  values  in  function  space  JS^  (T). 

Let  £ = £ (t)  be  a Gaussian  randoa  process  on  segaent  T of  real 
straight  line  with  the  average  value  of  a (t)  , <<=r,  and  by  the 
correlation  function  B (s,  t),  s,  teT,  which  they  satisfy  the 
condition:  with  all  s,  teT 

: lim  [a  (s)  — a (<)1  «=  0,  (4.10) 

l-bf 

lim  \B  (s,  s)  - 2 B (s,  t)+  B (t,  /)]  = 0. 

S-*t 


This  condition  indicates  continuity  on  the  average  of  randoa 

e * e (t): 

*!5M  it(s)-wr-o. 


process 
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As  is  known  *,  in  this  case  there  is  an  equivalent  aeasurable  process 
(with  values  € (t)  = F (u,  t) ) , i.e.,  such,  that  the  function  if  = F 
(w,  t)  the  pair  of  variables  (u,  t)  on  product  space  0)(T  is 
■e asurable. 


FOOTNOTE  *.  See,  for  eraeple,  [8],  page  209.  ENDFOOTNOTE. 


Let  us  consider  that  aeasurable  is  initial  Gaussian  process  itself  F- 
= F (t) . Let  us  assuae  tbat-is.  satisfied  also  the  condition: 

J a*{t)dt  < oo,  J B(t,i)dt<oo.  (4.11) 

T T 

This  condition  leans  that 

J Mj*  (t)dt  < oo. 

T 

According  to  Fubini's  thsorsa  about  tbs  repeated  integration 

J M6*(0d<-  J j i*(®.  t)d(P(d<o)<*o 

t or 

sad  alsost  all  tbs  saaple  distribution  functions  { (u,  •)  * § (w,  t) 
of  ter  belong  to  hilbert  specs  S*(T)  tbs  real  integrated 
Sfuarad  functions  u * u (t)  of  teT  with  the  scalar  product 
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(«.  v)-J  u(t)v(t)dt. 

T 

Redefining  the  value  C (u,  t)  for  those  “ e Q’  with  which  sasple 
distribution  functions  g (u,  • ) * g (w,  t) , leT,  not  eaters  in  ^ 1 
(nany  such  weQ  have  aeasure  as  0)  , it  is  possible  to  pass  to  the 
aeasurable  Gaussian  process  f = f (t) , all  the  saaple  distribution 
functions  of  which  belong  to  hilbert  space  -?~2-  This  randoa  function  g* 
* € (u,  •)  can  be  considered  as  randoa  eleaeat  in  hilbert  space 

Let  us  consider  the  scalar  products 

(u,  £)=  J u(t) |((0,  l)dt, 

T 


ueU. 
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Page  24. 

Since  E = E (Uf  t)  there  is  the  eeasurable  function  of  variables  (w, 
t)  , with  each  fix/recorded  u e U real  function  (u,  E)  of  “«s£2also  is 
aeasureable  - it  is  randon  variable.  Thus,  E = € (u,  •)  - randon 
variable  in  hilbert  space  S^(T).  According  to  Fubini's  theorea  the 
randoe  function  E (u)  * (u,  E)  of  ue[/ has  the  average  value 

a(u)~  | u(i)a(t)dt  = (u,  a),  ue=U,  X4.12) 

T 

and  the  correlation  fanction 

B(u,  »)  — J Ju(s)-d(()  B(s,  t)dsdt  = (Bu,v),  u,  t ie{/  (4  13) 
r t 

where  the  correlation  operator  B it  is  assigned  by  nucleus  B (s,  t) s 

J B(s,  t)u(s)ds. 

T 

The  randon  variable  g e jgn  is  Gaussian*  Actually*  as  can  easily 
be  seen,  for  the  continuous  function  u * u (t)  of  / e T randon  variable 

(u,  E)  * J u (t)  E (t)  dt  is  linit  on  the  average  of  the  Gaussian 

r 

values  of  the  fora 

«(/»)*(/*)(/*  T /*-,), 


where  t.  ^ t,£. 


- sone  points  of  the  separation  of  segaent  T, 
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I 

and  for  arbitrary  function  value  (u,  *)  is  liait  on  the 

average  of  Gaussian  values  («„.  5),  where  ((),  a = 1,  2,  ...  , the 

sequence  of  continuous  functions,  which  converges  on  the  average  to 
function  u = u (t)  . The  aaxinua  value  for  the  sequence  of  Gaussian 
values  is,  as  is  known,  also  Gaussian  ». 

F00TW0TB  *.  See,  for  exaaple  [8],  page  33.  ENDFOOTROTE. 

i 

Page  25. 

I 

55.  Conditional  probability  distributions  and  conditional 
■atheaatical  expectations. 

Let  6 (u)  * F (u,  u),«e£/,are  a faaily  of  Gaussian  randoa 
variables  on  probability  space  Q and  91  (U)  is  v-algebra  of  the  sets  of 
space  0,  generated  by  all  valnss  * (u)  - * («,  u)  on  Q (paraaeter  u 

passes  certain  aultitude  0).  Por  simplicity  let  us  consider  that 

M£(h)  = 0,  u e U. 

Let  as  designate  H (0)  the  hilbert  space  of  rand  on 
variables  n (neasarable  relative  to  w-algebra  91  (0))  with  the 

scalar  prodact 

< ’ll.  *h>  - M (r|,  • rb).  (5,1) 
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Let  as  designate  H (0)  the  locked  linear  closure  of  all  values  € 

(u)  , u e=  U.  Let  S and  T be  some  subsets  in  U. 

Let  us  consider  arbitrary  value  H (S)  and  its  projection  r) 
on  subspace  R (T).  Since  H (U)  there  is  a set  Gaussian  values, 
difference  A *D  — *).  as  the  Gaussian  value,  orthogonal  to  all  values  f 

(t )wteT,  does  not  depend  on  these  values.  Thus, 

T)  = n + A,  (5.2) 

where  n there  is  value  described  above,  aeasurable  relative  to 
0- algebra  71  (T),  a A - independent  variable  of  ? (t)  , j-,  Gaussian  value 

with  rero  average  value  and  dispersion  #*  * M(i1-f|)2.  it  is  easy  to  see 
that  the  conditional  distribution  » value  5 relative  to  *-a lgebra  *(7j 
always  exists  and  with  alaost  all  m is  Gaussian  distribution  with  the 
average  value 

m fo/*  (n>  - «i(«)  (53) 

and  the  constant  dispersion 

o*  - M {(ti  - (f)}  = M (g  - f))2.  (5.4) 


FOOTEOTR  ».  See,  f or  exauple,  [12],  page  75.  EHDFOOTlfOTE 
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Recall  that  conditional  aatheaatical  expectation  M{ti/*(7j) 
geoaetrica lly  is  the  projection  of  value  i\(=H(U)  on  subspace  H{T) 
and  in  this  case  this  is  value  *)  is  a projection  on  subspace  H (T) . 

As  is  known,  for  Gaussian  values  there  are  all  tor que/aoaents. 
Let  us  designate  Hn  (0)  the  closing/shorting  of  the  subspace  of  all 
values  of  the  fora- 

’I  = <P fS («i).  £(«*)],  (5-5) 

where  # (xt,  ....  **)  - the  polynonial  of  degree  not  higher  than  n 

froa  the  arbitrary  nuaber  of  variables  xt , ...,  Xt  and  ut  , ...» 

ute=U. 

Theorem  2.  Par  any  value  tie//"  (S)  its  conditional 
aatheaatical  expectation  — M{r»/9C (D)  enters  in  subspace  Hn(T)  (with 
those  index  n)  : 

M(V*(7j)e/r(7j.  (5.6) 

Proof,  Vithout  liaitiag  generality,  it  is  possible  to  count  that 
sets  S and  T are  final  (let  us  say,  S = (s,,  ...,  **)  and  T = (t,, 

/*}).  In  fact,  to  the  general  case  it  is  possible  to  pass  by 
passage  to  the  lie  it  * since 

n-  lim  tv..  M {iy«  (7*)}  - lim  M {tv./*  (7j). 

m m -¥  ao 

* 

where  there  is  in  forn  a aean  convergence  and 

{(*»„)]. 


, 


B 


| 
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and  also 


M[V^(r)J  = Jim^MfV6(/*1).  ....  |(/*J]. 


FOOTNOTE  *.  See,  for  example,  [12],  page  29,  287.  EWDFOOTNOTE. 


Let  ti  = <p(Usi) | _(*»)!, ■ where  # (x,,  ...,  **)  - the  polynoaial  of 

degree  be  not  higher  than  n.  As  has  already  been  indicated,  theorea 
was  accurate  for  n = 1.  Let  us  assume  that  it  ia  accurate  for  all 
Indices,  which  do  not  exceed  n - 1.  Let  us  designate  l(s,)  the 
projections  of  values  Us,),  j * 1,  ...,  k,  on  subspace  N (T)  . 


Differences  i( s/)-i(s,),  j * 1,  ...»  k,  do  not  depend  on  values  € (t)  , 

ter. 


Page  27. 


Let  us  assuae 


C = <p(6(st)-E(si) 


Value  C does  sot  depend  on  t (t),ter,  and  in  the  expansion 


+ 

/-I  ' 


I — 
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the  right  side  is  the  linear  combination  of  the  expressions  of  the 


fora 


!(**))  | (**)], 


where  <P«U x„)  and  Xk)  ~ the  polynomials  of  degree  not 

higher  than  n and  n - m respectively,  whereupon  a a - 1.  By 
hypothesis  conditional  aathenatical  expectation  M \r\J%  (7"))  value 

= <f<ll  IJmIT\  . 

eaters  in  snbspace  ft  U),  m ><c  n - 1.  It  is  obvious, 

product  ru  • *„-„li(s.) 1(5*))  enters  in  subspace  Hn(T).  Enters  in  Hn(T) 

and  the  linear  combination  of  such  products,  which  is  the  conditional 

aathenatical  expectation  of  difference  n-C,  egual  to  n-M?.  Thus, 

iu-Mh^nie/ro-), 

Q«  H*  D • 


Let  us  deterxine  Hernite*s  polynomials  of  many  variables. 


Let  P (dx)  be  a Gaussian  measure  in  k-dimensional  space  ft* 
vectors  x = [ x t , ...,  **|  and  H - the  hilbert  space  of  all  real 
integrated  squared  functions  # * # (xj  of  x e /?*  with  the  scalar 


product 


fo.  ♦)  - { f (x)  p (jc)  P (dx). 


As  is  known  1 Gaussian  neasure  has  all  torgue/nonents,  whereupon 
the  set  of  all  poly  non  ials  # * ♦ (xt,  ...,  Xk)  of  the  variables  x* , 
tu  is  a everywhere  dense  set  in  ft- 
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POOTVOTP  i.  This  can  be  clarified  as  follows.  It  is  obvious,  the  set 
of  functions  of  fora  *' *’,(<,*)- 2 <**t.  is  f ull/total/coaplete  in 
coapoaite  apaca  h,  and 


n-l  I 


„J(o  + l) 

(n+  1)1 


(I.  il*  P ( di\ 


EWDFOOTWOTB. 


Page  28. 

Any  polynoaial  e = e ( xt , ...,  **)  degree  p,  orthogonal  to  all 
polynoaials  of  the  degree  saaller  than  p,  let  us  call  Heraite's 
polynoaial. 

Let  us  designate  H,  the  set  of  Heraite's  all  polynoaials  one 
and  the  sane  degree  p.  It  is  obvious,  H,  a finite- diaensional 

subspace,  whereupon  hilbert  space  H ia  a sua  of  orthogonal 
subspacea  H p,  p*0,  1,  ...s 

H -2  ©tf,. 

p-o 

Let  us  consider  Gaassian  vector  quantity  [6  (ua)  , ...  , C(u,) ((u,)]. 

Let  us  designate  Hp(uu  . . uk)  the  set  of  all  values  of  the  fora 


....  ((«»)]. 
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where  # * ♦ (xt,  . ..*  x*)  - the  Heraite  polynonial  of  degree  p 

relative  to  probability  distribution  p vector  quantity  (u,), 

( («*)|.  It  is  obvious* 

oo 

H(u\,  ....  «*)—  2j  ....  uk).  (5.7) 

P-0 

Leans  3.  Whatever  s,,  eund  t1#  ...*  tg,  for  different  pendq, 

subspace  wp(* 77*(tl#  ...»  t,)  were  orthoqonal: 

77* (s„  s»)  -L  /,)  Ll’ • t K p q_  (5.8) 

Proof,  let  for  certainty  p < 

q.  Let  us  consider  arbitrary  value  s,)  and  its  conditional 

■atheaatical  expectation  rj-M frj/*(/, !,)}.  According  to  theoren  2 valuer) 

enters  in  subspace  Hp(t <,)-2  ©//,(*, /,).  But  n there  is  a 

r-0 

projection  of  value  n on  whole  subspace#(/ M.so  that  dif  f erence  n - i) 

is  orthogonal  H(tt <»)  and*  in  particular*  n-r)± //„(/„ 


Page  29. 


) 

I 


Sinultaneously  r)J .H„(t /»),  since  'i  enters  in  subspace  H'(t t,), 

orthogonal  H„{tu  ...,/,)  with  p < q.  Consequently 

n*»l(n  -<))  + f)l  l //,(*, /,), 

Qe  F«  D« 


j 
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Further,  let  define  subepece  H,(U)  as  the  locked  linear 

closure  of  all  sabspaces  //,(«, uk),  where  ukc=u  (but  index  p 

one  and  the  sane  with  all  u uk).  It  is  obvious,  on  the  strength 

of  relationship/ratios  (5.7),  (5.8)  we  have 

//"<(/)  = Z®Hp(U)'  (5.9) 

p.o  p-o 

where  Rs  (0)  it  contains  only  constant  values;  H,  (0)  * H (0)  there 
is  the  locked  linear  closure  of  values  5 (u)  e U\  Ht  (0)  is  the  locked 
linear  closure  of  values  ( F (u,)  e (ux)  - B (u,,  ut) ],  where  ut,  ut, 

MjSC/; 

Hsr  (0)  there  is  the  locked  linear  closure  of  values  [E  (u,  ) ( (u2)  t 

(us)  - e (ut)  b (u,,  u,)  - e (u2)  b (u,,  u,)  - e (u3>  b (u„  ut)  j, 

where  ut , ux,  UjG(/,  and  so  forth. 

As  can  be  seen  froa  expansion  (5.9),  conditional  nathenatical 
expectation  M (it/7* (7")]  any  value  r\^Hp(S)  relative  to  valgebra  K(D 
enters  in  snbspace  H„[T\  (with  those  index  p) . 

Let  us  note  coaaon/general/total  fornula  for  the  torq ue/nonents: 

ms  m...  *(«„)- s n B(uk,u,),  (5.10) 

where  the  sun  is  taken  on  all  separations  of  set  (a,,...,  «„)  into 

vapors  («*,  «/),  and  prod act  - on  all  vapors  («*,  u,)  the  corresponding 

separation. 
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This  fonula  is  obtained  fron  the  relationship/ratio 

(u,)  ...  6 ( u„ ) - dx;  d fan  ^ (0)l 


• (i)  * Mexp{«(x,g)}  - the  characteristic  function  of  Ganseiaa 
vector  « » («t>»  ....  * (u„)l  - it  takes  the  fora  (see  (1.1)) 


<p  (X)  **  exp  — y X*X iB(u„ , u,) 

l *./-! 


, X = [X„  . . .,  X„]. 


Page  30. 


66.  Gaussian  stationary  processes  and  spectral  representations. 


Gaussian  randon  process  f (t)  * t («,  t)  the  integral  (discrete) 
or  real  paraneter  t#-»  < t < - (with  values  on  probability  space  Q), 
it  is  called  stationary,  if  its  average  value  constantly 
_ . a(/)-Mt(0-a. 

CL*d_ 

the  correlation  function  B (s,  t)  depends  only  on  difference  s - t: 

B(s,  f)-M(|(«)-al(l(<)-a|-fl(s-fl  (6-0 

• .b. 

(subsequently  let  as  coant  a » 0). 

Function  B (t)  in  relationship/ratio  (6.1)  is  called  the 
correlation  function  of  stationary  process  t (t) ; it  is  representable 
in  the  fora 


B(/)=  JV'f  (dX), 


(6.2) 
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where  p (dX)  - the  so-called  spectral  aeasure  of  stationary  process  £ 
(t)  (positive  linited  aeasure).  Integration  in  forsula  (6.2)  occurs 
within  lisits  - w ^ X ^ * in  the  case  of  discrete  "tine"  of  t and 
within  lisits  - - < X < - in  the  case  of  the  continuous  tine  t. 


Stationary  process  itself  € (t)  allow/assuaes  spectral 

representation  of  the  fora 

5(0-  | e‘u.<D(dX),  (6.3) 

where  <D(rfX)-  ths  so-called  stochastic  spectral  aeasure  such,  that 

M(D(A,)®(A^  = A:'(AlnAj). 


Page  31. 


Any  value  >j  froa  the  locked  linear  closure  H (T)  of  values  f 
(t)  .G.  T allow/assuaes  spectral  representation  of  the  fora 

J9(X)<D(dX).  <64) 

where  * (X)  is  a function  fros  space  Lr  (P)  - the  real  linear 
closure  of  faactions  etu  of  x,  teT,  to  that  locked  according  to  the 
scalar  product 

<Wi.  Vi),  - j <Pi  (M  ?» (i)  F (dX).  (6.5) 

whereupon  stochastic  integral  (6.*)  is  deterniaed  for  any  function <peir 
(?)  and  it  assigns  value  ^1^//  fT)  • Confocnity  is  unitary 
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isomorphism  * hilbert  spaces  H (T)  a ad  LT  (F)  : 


FOOTNOTE  *.  Apropos  of  entire  aforesaid  see,  for  example,  [22]. 
ENDFOOTNOTE. 


In  the  case,  when  parameter  t varies  continuously  and  set  T is 
♦he  finite  interval,  space  LT  (P)  it  mould  be  possible  to  define  as 
closinq/shorting  of  subspace  L°  (on  scalar  product  (6.5))  all 
functions  of  the  form 

J e,K,u  (t)dt,  (6.7) 

T 

where  u * u (t)  - the  Infinitely  differentiated  functions,  which  were 
being  converted  in  0 outside  interval  of  T.  Since  with  X - such 

functions  # (X)  they  decrease  faster  than  any  degree  Ul~n,that  scalar 
product  of  type  (6.5)  can  be  introduced  on  subspace  L°  not  only  with 
the  help  of  the  final  spectral  measure,  but  also  with  the  help  of  any 
•-finite  measure  3 (dx) , that  satisfies  with  certain  natural  n the 
condition 

J (1  -h  X.*)'"  G (rfX)  < oo. 

Specifically,  let  us  assess 

Wi.  T*)o  “ { <»>i  W <Pj  (*)  G 


(6.8) 
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and  let  us  define  f ull/total/coeplete  hilbect  space  LT(G)  as 
closing/shorting  of  all  fanctioas  of  fora  (6.7)  accordiag  to  scalar 
product  (6.8). 

Page  32. 

Let  Lr  (G)  - be  a hilbert  space  of  the  type  indicated.  Poraula 
(6.4)  assigns  the  randoa  functional  7)  - 7^  deternined  on  the 

everywhere  dens*  subspace  of  functions  ^(OfKrfF).  Onder  which 
conditions  is  (with  an  accuracy  to  equivalency)  randoa 

eleaent  froa  the  con jugated/coabined  space  to  l.T  (G)  - by  Gaussian 
linear  continuous  functional  on  hilbert  space  (G)  ? 

In  the  case,  when  t]  = t)(<p)  is  raadoa  eleaent  froa  the 
con jugated/coabined  space  lt  (G)  , i.e., 

nM-<«p,  n>0.  (6.9) 

where  — certain  Gaussian  function  with  to  trajectories  froa 

hilbert  space  LT  (G) , the  correlation  operator  B it  is  possible  to 
deteraine  froe  the  relationship/ratios 

<Pj)o  ” Mn(<Pi)h(?»)  — (<Pi. 


where  i is  an  operator  froe  hilbert  space  Lr  (G)  into  hilbert  space  Lr 
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(P) , deterained  by  the  •quality 

4q>W-<p(X),  v<=LT(G)[\LT(F),  (6.10) 

and  »•  - the  adjoint  to  It  operator  froa  LT  CP)  in  Lr  (G).  as  any 
correlation  operator,  B aust  be  nuclear. 

On  the  other  hand,  if  the  operator  B = A*A  is  nuclear,  then 
according  to  theorea  1 Gaussian  linear  functional  — n(*P) 
correlation  functional  is  equivalent  to  certain  Gaussian 

cell/eleaent  in  the  con jugated/conbined  space  to  LT  (G)  , 
representable  by  foraula  (6.9). 

Let  us  note  that  for  not  only  the  nuclear,  but  also  siaply 
bounded  operator  B = At A occurs  the  connection/inclusion 

Lf  (G)  (f  )> 

since 

11  q>  15-  =»  A<f)r  ~ SHI<PlP0- 

Page  33. 

Let  us  note  that  for  the  final  aeasure  G (dX)  foraula  (6.9)  is 
equivalent  to  the  following  spectral  representation  of  the  initial 
stationary  process  t (t) , teT: 

J(0- JV'Mq(A)0(dA),  <er.  (6.11) 

In  fact,  function  v(x)-*«<  is  forned  f ull/total/coaplete  systen  in 
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hilbert  space  lt  (G)  and  foraula  (6.11),  which  ■•ana  that»i(*'M) t)>0, 
teT,  extends  to  whole  apaca  Lr  (G)  - the  lock  ad  linear  cloaura  of 
th«  fanctiona  of  fora  i(x)->e,kl. 

ftetl 

In  order  to  deal  directly  with  the  initial  randon  process  ( (t) ,/ 

(\K&. 

A not  as  functional  of  it  n(<P).  <peLr(G),,  convenient  to  introduce 

space  X of  all  real  fanctiona  x • x (t)  , ter,  which  allow/assuae 
"spectral  representation"  in  the  forn 

x (<)  - j e~lk,M>  (1)  G (dX),  I e T,  (6. ! 2) 

where  y(X)eLT (G),  value  x (t)  coincide  with  values  of  the  linear 
continuous  functional  (<p.  *>o  with  # (X)-ea/.  It  is  clear  that  foraula 
(6.12)  gives  one-to-one  conforsity  between  cell/elesents  xeX  and $eLr{G). 

If  we  introduce  scalar  product  then 

(•*1.  4>j)o  (6.13) 

(where  ♦,  and  they  correspond  x,  and  x,)  , then  X will  bee  one 
full/total/cosplete  Hilbert  space. 

Let  us  consider  separately  the  case  when  G (dx)  = 1/2 vdX  and 
hilbert  space  LT  (G)  consists  of  the  fractions  of  the  fora 

*(!)-  JV“jr(/)d/, 


(6.14) 
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where  * * x (t)  it  enters  in  classical  space  3* (T)  the  real 
integrated  squared  functions  with  the  scalar  product 

<x„  X,)- J X,  (<)x, (t)dt, 

T 

0U.L 

A foraula  (6.14)  it  indicates  Fourier's  transf oraation. 

Page  34. 

Froa  the  known  equality  of  Plansherel 

(x„:  xt)  - <p„  - J . 


so  that  if  we  foraulas  (6.11),  (6.12)  understand  in  the  sense  of 
Fourier  transfora*  then  hilbert  space  X of  all  integrated  squared 
functions  x * z (t)  * te.T,  foraally  corresponds  to  the  coaaon  diagraa 
of  the  construction  of  hilbert  spaces  with  scalar  product  (6.13). 

Above  actually  we  deaonstrated  the  following. 

Theorea  3.  The  randoa  process  ? (t)*  teT,  is  (with  an  accuracy  to 
equivalency)  randoa  eleaent  hilbert  space  X when  and  only  when  for 
that  deterained  by  operator's  equality  (6.10)  A the  product  B * A* A 
is  nuclear  operator  in  hilbert  space  Lr{G). 

Later  it  will  be  actually  establish/installed  that  in  the  case 
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of  the  very  broad  class  of  absolutely  continuous  aeasures  P(dX)  and 
G(dX)  with  densities  f (A)  = F(dX)/dX  and  g (X)  = G(dX)/dX 

the  operator  A*A  is  nuclear  when 

JtS)^<00'-'  " (6»5) 

(whereupon  there  is  also  a broad  class  of  the  cases,  when  with  to  the 
disturbance  of  condition  (6.15)  the  operator  A* A is  not  nuclear!. 

Specifically,  in  chapter  III  is  examined  the  operator  of  fora  A 
- A*tAj  - B,  where  A*t  is  an  operator  of  the  sane  type,  as  A,  but 
reflecting  lr  (G)  into  the  space  lt  (Gj)  , constructed  with  Gt  (dX) 
with  density  g,  (X)  * g (X)  ♦ f (X).  Since  f (X)  = g*  (X)  - g (X),TX<£C 

<A<p.  ♦><,  = ♦>“<».  ♦)<»“ 

♦>£,,  - (v>  p-  *)F  - (A'Aif,  Mp)a 

with  any  #,  y>&Lr(G),  and,  therefore,  operator  A*A  coincides  with  A.  It 
is  proved  (see  theoren  17  chapter  HI),  that  the  condition 

is  sufficient  in  order  that  the  operator  A = A* A would  be  the 
flilbert-Schaidt  operator. 


Page  35 
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Therefore,  if  we  introduce  space  lt  C*»)  »ith  f»  (A)  (M g (X) , 

then  the  operators  of  the  type  in  question,  who  appear  with  the 
representation 

Lt  (G)  —+Lt  (F,)  Lt(F,)  —+Lt  (F), 

under  condition  (§.15)  are  such,  that  B*tBt  and  B*#B*  - the  operators 
ofQil'berta  - Schaidt.  It  is  easy  to  see  that  operator  A*  A = 

B* |B**B2Bj  nucleac  (for  exaaple,  see  [5],  page  57). 


57.  Soae  properties  of  trajectories  1 


FOOTNOTE  *.  It  is  in  nore  detail  with  the  questions,  which  are 
exanined  in  this  paragraph,  it  is  possible  to  be  introduced  according 
to  book  r 27 1.  BNDroOTNOTE. 

1.  Differentiability  on  the  average.  Soae  asynptotic 
relationshipAatios.  Let  f (t)  < t < -, -Gaussian  stationary 

process  with  the  continuous  tine  t. 

Process  ( (t)  it  is  called  that  which  is  differentiated  (on  the 
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average)  , if  there  is  a Halt  (on  the  average) 

Urn  *(<  + »>-*(<>  - no 

The  Halt,  indicated  exists  when  and  only  when  in  hilbert  space  LT 
(P) , where  T » (— , •) , there  is  the  liait 

JM  _ . 

lim  — ■ - eik‘ 

h-*0  n 

that,  obviously,  aquivalently  to  the  condition 

as 

J Wl)  <°o  (7.1) 

— TO 

(here  P (dX)  - the  spectral  aeasare  of  stationary  process  6 (t)). 

Page  36. 

If  7 

6(0-  J ea'<D(di) 

— OS 

- the  spectral  representation  of  Gaussian  stationary  process  ? (t) 
then  its  derivative  6'(0.  — °°<t<  oo,  also  Gaussian  stationary 

process  - is 

<x> 

6'  (0  - Je‘w(/i)<P(di). 

— oo 

It  is  easy  to  see  that  condition  (7.1)  to  the  equivalently 
followings 

MA*l(0]*-A-»A,fl(0)-O{A*}  <7-2> 
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with  h 0,  where  B (t)  - correlation  function,  A*  indicates 

the  operator  of  the  taking  of  difference  (for  enanple,  B (t)  = B 
(t  ♦ h)  - B (t>  > - Actually,  under  condition  (7.2)  for  any  A 

A A 

/ iv  m < c / F(d\)  < c (0) 

-A  -A  h 

for  sufficiently  snail  h (no  natter  how  was  greatly  preassigned  A^ 
where  C - certain  constant,  so  that  froa  condition  (7.2)  it 
escape/ensues  (7.1). 

Let  us  consider  undif ferentiable  stationary  process  £ (t) . Let 
us  explain,  during  which  linitations  on  spectral  seasure  F (dX) 
occurs  the  relationship/ratio 

A^ew-CMi/ti**}.  (7.3) 

where  0 < « < 1. 

We  have 


(0) 

/l*° 


I — cos  A .h  \« 

AJ  I 


(I  - cos  \h)'~aF  (</!)< 


< C J k*F  (dk). 


DOC  * 77182302 


PAGE  -^T". 

si 


so  that  condition  (7.3)  carried  out,  when 


[ k^F  (dk)  < oo. 


Page  37. 


Let  as  pause  in  lore  detail  at  the  case,  when  there  is  spectral 
density  f (A)  = P (dA)  /dA.  Let  with  sufficiently  large 

fCO* 

(where  p ">  1,  sinse  the  spectral  density  f (X)  is  the  integrated (f2) 
function).  For  an  undif ferentiable  stationary  process  p $ 3.  Let  p < 


3.  Then 


■*~*y(0)  - 2 j dk+o  {*>«'-•»}. 


During  the  replaceaent  of  variable  Xh  * m »*e  have  » 


f 1 - cos  AA  f 

A A* 

oo 

— /lf  - 20  - ' I ■ 


1 - cos  u 


I — cos  h 


and,  therefore. 


where 


0 


J 


•*».  - 


I 


L 
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FOOTNOTE  ».  Relationship/ratio  a - B for  variables  m and  p leans  that 
lia  «/P  * 1.  EHDFOOTMOTE. 


Froa  the  obtained  relationship/ratios  it  is  easy  to  deduce,  that 


if 


,-Pi 


(7.5) 


that  condition  (7.3)  is  satisfied  vhaa  2«  * P - 1;  but  if 


lim  Mi)  I if*  = OO, 


fc-b  o 


(7.6) 


that  also  when  2«  * P - 1 


r — A— (0) 
hm  — * * -■—  - 00  • 


Page  38. 


Analogously  for  the  spectral  plane  f (A)  of  type  (7.5)  with  p * 3 »e 
obtain,  that 


oa 

A-»y  <°>  < c J 1 ~Ji°~  du  + 0(1)  - 0(|  In  | A I)), 


J 
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and  consequently, 

\_h\B(Q)-0  (h3\\n\h\\).  (7.7) 

2.  Hodule/nodulus  of  continuity.  Let  us  consider 
undifferentiable  Gaussian  stationary  process  f (t) < t < -,  with 
the  correlation  function  B (t)  , that  satisfies  condition  (7.3). 

Theorea  4.  Under  condition  (7.3)  there  is  an  equivalent  Gaussian 
process  ? (t) , for  each  trajectory  of  which  with  sufficiently  snail  h 
is  evenly  on  t in  each  finite  interval 

|A*|(0l<C|/i|o|ln|/iM,/J,  (7.8) 

where  C - certain  constant. 

Proof.  With  sufficiently  snail  h we  have 


where  c««  - constant  in  relatioaskip/rstio  A_*A*fl(0Xc''|/i|,",  4 c* 
selected  by  such,  that  0 > 1. 


» 
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Page  39. 

Let  us  consider  the  initial  process  { (t)  at  the  bins ry-rational 
points  of  fore  / = fc/2\  by  counting  for  aiaplicity,  that  0 ^ t ^ 1. 
with  h « a""  ue  have 


' | max  j A*4[-|r)  j > c' | /i  P I In  I h | |l/!  j < 

<%  T*r'*0-plr»— 


*-0 


Since  fi  > 1 and  a series  2.2 

i 

Kantelli*s  known  leans 


-fp—  I*  ™ 


descends,  on  Boys\-  - 


| A*i(-p-)|  <c/|  A l“l  In  ||  h ||,a 

with  sufficiently  snail  h it  is  erenly  on  all  k = 0,  2*-!.  .. 

It  is  easy  to  see  that  any  segaent  [ k/i*,  \il/2y''  ] can  be 
decoaposed  for  the  sub  of  segnents  [ r/2^  (r  ♦ 1)  /2m],  where  r,  a 
are  integers,  whereupon  with  any  a it  is  possible  to  take  in  this  sua 
not  aore  than  two  segnents  of  the  fora  indicated.  Thus,  for  any  h 
(with  proper  a,  iacladed  withia  Halts  2“*<  k ^ 2'^*'  ) 

h „ Ji L»  V*  2-m, 

a"  " 
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where  2*  designates  summing  over  corresponding  v\.  Accepting  this 
into  consideration,  for  sufficiently  snail  h ve  obtain 


V 2- (».-")/ In  2"  yi* 

^ l In  2"  I 

^ I A |°|  In  | A | |l/s2c'  ^ 2”°*  ( I + |),/s< 

< C | A r I In  | A I |lff. 


Page  40. 

Thus,  with  probability  1 trajectories  of  the  process  f (t)  in 
question)  they  satisfy  condition  (7.8)  on  nany  all  binary- rational 
points;  specifically,  with  alnost  all  u e.  Q trajectory  •)  * ( 

(w,  t)  are  evenly  continuous  functions  an  the  everywhere  dense  set  of 
the  binary-rational  points  /»„.  It  is  obvious, 'for  the  arbitrary 
point  t there  is  Halt  lin  f («,  <*„),  which  for  alnost  all  u ^ Q 
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coincides  with  original  value  { (t)  3 t («,  t)  . It  is  clear  that  for 
an  equivalent  process  with  the  values,  defined  as 

,6(w.  *)=  lim  |(®,  /*„), 

with  alaost  all  u the  trajectories  satisfy  condition  (7.8)  . 
Redefining  for  the  others  u of  value  f (w,  t)  (after  assusing,  for 
exanple,  5 (u,  t)  = 0) , we  will  obtain  the  equivalent  process  £ (t) , 
all  trajectories  nf  which  already  they  satisfy  condition  (7.8)  . 
Theoren  is  denonst rated. 


1.  Some  Unit  theorens.  Let  us  consider  undifferentia  ble 

Gaussian  stationary  process  € (t)  with  correlation  function  ft  (t). 

Let  us  assune  that  in  interval  (0,  r)  there  is  (with  the  exception  of 

the  finite  nunber  of  points)  a second  derivative  B"( 0,  that  has 

only  first-order  discontinuities,  i.e. , for  any  point  t within 

interval  (0,  r)  there  are  final  Units  /?" < / — 0)  — lin  B (t-h)  and  B" 

h >c 

(t  ♦ 0)  = lin  B (t  ♦ h) . Recall  (see  Section  1)  that  for  an 
undif ferentiable  process  ? (t)  ' 


h-*n  n 


oo. 


(7.9) 


so  that  at  point  t * 0 derived  B"  (t)  has  second-order 
dlscontinuity/intarraptioa,  nore  precise, 

lim  B " ( h ) — — oo. 

»•*# 
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■b> 


eoren  S. 


Occurs  the  following  asynptotic  relation: 


lim  - 
h-*n 


V JMiML 

0) 

*-o 


(7.10) 


where  h = r/N,  and  Halt  is  understood  in  the  sense  of  nean 
convergence. 


Page  hi. 

Proof.  Let  n be  a nunber  of  points  of  discontinuity  of  a 
function  B"  (t)  . Let  us  take  as  snail  as  desired  C > 0.  Each  point 
of  discontinuity  t,  0 4 t < r,  can  be  surrounded  by  certain  interval 
so  that  their  general  length  sosld  not  exceed  £ . Let  us  designate  1^ 
addition  to  the  association  of  these  intervals  (/,  - the  association 
of  the  finite  nonber  of  segsents) • It  is  obvious*  function  B"  (t)  is 
evenly  continuous  on  set  1^  and 

A_*A „B(t)-0{B"(t)hi } (7.11) 

evenly  on  t£  I • Taking  into  account  relatioaship/ratio  (7.7)*  we 
obtnln*  which 

A_,A,B(/)-o{A_»A»B(0)}  (7.12) 


/ 
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is  evenly  on  t€  1^.  Furthermore,  since  together  with  the  correletion 
function  B (t)  positively  determined  is  the  fmnctiou  A_*A*B(0.  with 
all  t 

|A.*A»fl(OKIA.*A*fl(0)l-  (7,3) 

We  have 


MA,|(s)A*6(0-A_*A*fl(s-0 

also,  according  to  common/generml/totml  formula  (5.10) 


MiA»&(s)  • A,|(0  • A/.U")  • = 

- A_*A  hB  ( s-t ) • A.»A»0  («  - »)  + 

+ A_ h\hB  (s  - «)  • A_  Ae  ('  “ + 

+ A_„A hB  (s  - v)  ■ A_*A),B  (t  --  «)• 


It  is  easy  to  count,  that 


a3  (h)  = M 


2N  ' Aot  (»*)* 

A_*Adfl  (0) 

*-o 


2 V r ((»-/)  *)  l2 
“IF  L (0)  J • 

k.i-o 


(7.14) 


Page  42. 


■ith  fixed/recorded  j to  each  interval  of  length  6 can  belong  no  more 
than  1 ♦ [ 6h“* ] points  of  the  form  (k  - j)  h,  and  in  all  such  points 
- is  not  more  H (1  ♦ [6h-*]).  Consequently,  the  number  of  points  of 
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fori  (k  - j)  h,  entering  in  addition  to  above  set  1^  indicated,  does 
not  exceed  nunber  (tin  ♦ . Proa  relationship/ratios  (7.11)  - 


(7.14)  we  obtain,  that,  whatever  t > 0,  for  sufficiently  saall  h 


where  C - certain  constant.  Theoren  5 is  desonstrated. 


Let  us  note  that  there  is  subsequence  ht , h2,  ...,  for  which 
asymptotic  relation  (7.10)  is  fulfilled  with  probability  1.  Moreover, 
as  h1#  h2,  ...  it  is  possible  to  take  any  sequence,  for  which 


(7.15) 


rt— I 


since  under  condition  (7.15)  there  is  a sequence  fc* 

I ‘i  v (A/>t  m\>  . 

*-0 


0 such,  which 


>e*\< 


and  on  ^orcV.  “ Kantelli's  lenaa  hence  follows  that  in  (7.10) 
when  h = h ^ occurs  the  convergence  with  probability  1. 


In  connection  with  this  let  us  consider  the  question  concerning 
the  speed  of  decrease  deterained  in  (7.14)  function  v*  (h)  with  hV>; 


N- 


o*(h) 


N*  [A_»A*fl<0)| 


srm  2 


*.  l-o 


Leant  4.  Under  the  done  previously  assunptions  relative  to 
function  B"  (t)  occurs  the  following  estinate: 
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<**(*)-  2 |A_*A*fl  ((*-/) /«)]*- 

*.  /- o 

-O{max0A_*A*fl(O)|,  | A.^fi  (0)  |*|  h I-1)].  (7.16) 


Page  «3. 


Proof,  it  is  obvious* 


d*(/»)-o(/r,lA_*A*fl(0)|,  + /tJ  J J lfl"(s-/)|Jds(//|. 

I ij-n>2*  J 


Further,  with  any  fired  6 > 0 


/ / |fl"  (s- /)]*  ds  dt  « o!  f dt\ 

L:  I’ 


and  if  in  cortsin  vicinity  (0,  6}  function  B*  (t)  is  nonotonic,  t h*t\ 

A 

J B"it)>dt  = B”  (2/i  + 0)  [fl'  (6)  — B'  (2/i)|, 

where  2h  $ • $ 6 and 

B"  (2/»  + 0)  — O {/t2A_*A*fl  (0)). 

If  function  B"  (t)  is  nonotonic,  then  in  certain  vicinity  (0,  6)  it 
retains  sign,  so  that  B*  (t)  is  also  nonotonic.  It  is  obvious, 
nonotonic  will  be  the  function 

i + h 

A »B(f)-j  B’{s)ds. 


Therefore,  when 


HJ'(2A)|  — **v./i  — 0, 


then 


I fl'(2A)  | »*  O {A-1  |A*fl  (A)|), 
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where  because  of  the  eonotonicity  of  function  A B (t) 


Thus, 


I A „B  | A „B  (0)  | - j|  A_aAa/?  (0)  |. 


J j [fl"(s-012  ds  dt 
A-*|A_,A,/?( 

/j-1|  A.aA^B  (0)  T,  ec^H  B'(2/i)  lie  oi  paim>ien;iS?y 


|t-*|  >** 

f A“*|  A_^A^^  (0)  J,  ecjin  orpaiinweiia;  \j^ 

-=0{  iatf\ 


fey:  ()}  . if  B*  (2h)  is  United  • (2).  if  B*  (2h)  is  not  United. 

Paqe  44. 

In  suasation,  we  obtain*  that 

ds(A)  = O (max  (|  h |-1 1 A_/,AftB  (0)  |J,  | A_*A*fl(0)  |) ). 

obtained  relations hi p/ratio  (7.16)  gives  the  following  estimation  for 
function  #*  (h)  : 

gf  (^)  — O { max  (|  /» I . i (o)j  ) } • (7-17) 

Specifically,  with  condition  (7.3)  the  function  »*  (h)  decreases  with 
h — > 0 as  certain  degree  I A I**: 
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so  that  condition  (7.15)  will  be  iapleaented,  for  exaaple,  for  any 
sequence  of  fori  h x = 2~^,  n=  1,  2,  .... 

For  the  type  of  stationary  Gaussian  processes  in  question  occurs 
also  the  following  result,  which  suppleaents  theorea  5. 

Theorea  6.  then 

A.*A/,fl  = o{|/i|'/,}>  . (7.18) 

the  correctly  asyaptotic  relation 


lim  h 

h-*0 


Shl  (kh)  A*;  ( t + kh)  = B'  (t  - 0)  - B’  (i  + 0), 

(7.19) 


where  t is  any  fixed/recorded  point  of  interval  (0,  v)  , of  N = fh“* 

(r  - t) 1 - 1 and  aeans  convergence  on  the  average. 

»»age  45. 

Proof.  Such  elementary  calculations,  as  carried  out  are  earlier, 

,(/.)-r'JV^(W)A4((  + **) 

A- 0 


they  show  that  vain* 
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has  the  average  value 

-•  i 

/ ..X  -hB  (0  B {t  — h)  — B (<)  B(t  + h)-B{l) 

Mn(«)  A /,  a ’ 

whereupon  its  dispersion  is  suck,  which 

Dn(/«)<Cd*(/i). 

fr os  estimations  (7.16)  for  value  d*  (h)  is  evident  that  under 
condition  (7.18)  occurs  relationship/ratio  (7.19). 

Certainly  for  fast  enough  descending  seguence  h * h^,  n = 1,  2, 
...r  this  relationship/ratio  will  be  correct,  also,  with  probability 
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Chapter  IT 


Structure  of  spaces  H (T)  AMD  LT(P)  • 


91.  Some  prelieinary  information  and  results. 


1.  Introduction.  Above  (in  §6  chapter  I)  we  saw  that  the  Hilbert 
space  of  randon  variables  H (T) , generated  by  the  values  of 
stationary  process  f (t) , t&T  (with  the  spectral  Measure  P (dX)),  it 
is  isosetric  to  function  space  LT(F ) - to  the  locked  linear  closure 

of  function  etht  of  X«=|-n,  n|  in  the  case  of  discrete  t,Xe=(-°o,  <»)-  in 
the  case  continuous  t.  Thereby  appears  possibility  to  trace 
stationary  processes  with  the  help  of  analytical  neans.  For  this 
useful  to  first  study  in  aore  detail  the  analytical  structure  of 
spaces  Lt{F),  than  ve  will  be  occupied  in  this  chapter,  after  being 
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bounded  to  those  by  the  case,  when  T - interval  or  is  half-line. 

It  is  clear  that  it  is  possible  to  be  bounded  to  interval  of  T = 
[-t,  r]  either  T = [0,  r]  and  to  seaidirect  T * (—  f 0],  T = [0,  -), 
since  the  arbitrary  interval  or  the  half-line  Tt  is  obtained  by  the 
"shif t/shear"  of  T to  certain  real  t,  and  the  correspondin g space 
Lt,{F)±»  obtained  froa  LT(F)  by  aultiplication  on  eat. 

In  order  that  reader  could  ioce  easily  visualize,  which  results 
here  one  should  expect  let  us  assuae  that  f (t)  there  is  a stationary 
process  with  discrete  tiae  and  spectral  density  f (X)  = 1.  It  is 
understandable  that  of  this  case  LT(F.)  it  consists  of  tr iqonoaetric 
polynoaials  P(elK)  = ^c(t)eai,  if  T - the  finite  interval,  and  actually 
coincides  with  noted  Hardy  space  Hardy  St*  in  circle  (or  outside 
circle),  if  T - is  half-line,  aore  precise,  consists  of  the 

integrated  squared  functions  # (X) , which  are  decoapose/expanded  into 
one-sided  Fourier  series: 


q>(X) 


n (.) 

y,c(l)eIKI  npH  r-(—  cc,  0| 


oo 


<p(X)*= 

0 


Fey:  (1).  with.  (2).  or 
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What  by  itself  does  represent  space  mF),  if  f (X)  / 1,  if  are 
examined  processes  with  continuous  tiae? 

Proa  the  very  beginning  usefully  to  note  that  if  the  spectral 
aeasures  P (dX)  and  G (dX)  were  connected  by  the  inequality 

F (rfX)  S*  G (d\) 

(f  (AX)  it  najorizes  G (dX)),  then  appropriate  hilbert  spaces  Lr(F ) 
and  Lt(G ) they  satisfy  the  connection/inclusion 

Lt(F)sLt(G). 

This  obvious  fact  is  the  corollary  of  the  fact  that  any  fundaaental 
sequence  of  the  functions  of  fora?,  (X)  = 2 ck„ea‘kn,n  * 1,  2,  in  space 

/.r(F),t  hat  converges  to  f unction  q>  (K)^LT  {F),  simultaneously  is  fundamental, 
also,  in  space  /-r(G'l: 

II  <Pm  ~ Tn  llo  < II  <Tm  - <F„  Ilf  -*•  0 

with  a,  n -r  «,  the  liait  function  t(X)e/.r  (G)  coinciding  almost 
everywhere  relative  to  G (dX)  with  the  above  indicated  by  liait 
functloa((i(X)€Lr(F).  Consequently,  functions  a (X)  and  t(X)  coincide  as 
cell/eleaents  the  hilbert  space  Lr(G),  1. e. , <r(X)«=/,r(G). 

Page  48. 


Hence  immediately  it  follows  that  under  the  condition,  when 
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there  is  spectral  density  f (A)  * P (dX)  /dA  of  the  type  * 

MMX  I (U) 

(in  the  case  of  the  discrete  time  t),  just  as  with  f(A)  * 1>  space  L to.  i\{F) 


consists  of  all  polynomials 


P(c'x)»  je  (()«'“ 
/- 0 


(with  the  real  coefficients  of  c (t)  , 0 ^ t ^ r) , and  space  L<-~,.oi(F)  (lia. 
~)(F)) consist  of  the  integrated  squared  functions,  representable  by 
Pourier  series  of  the  fore 


q>  (ea)  = 2 c (0  e,u  (etK)  =2  c (()  e‘uJ , 

and  coinciding  with  the  boundary  values  (with  r 1)  analytic 

functions  ♦ (i)  of  circle  |v|<l  (outside  circle)  Hardy’s  eentioned 


above  class 


tp(e'x)  = lim  q>(2),  z = re,y. 

r-*I 


n case  of  continuous  time  t analogous  to  condition  (1.1)  is  condition 


MMX  (l  +x*)-". 


POOTWOTF  *.  Recall  that  for  variables  a and  p relationship/rat io  « X i 

£ c 

it  designates,  that  0 4:  ^ e/p  < EHDFCOTNOTE. 


with  n - natural  nouber. 


With  n * 0,  determined  of  $6  Chapter  I space  L\mi\F).  obviously, 
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is  of  the  integrated  squared  functions  # (V) , representable  the 

T 

integral  of  Fourier  of  foraq>(X)  = J e,x'c(0<//,and  it  is  analogous  space 

o 

(F)  (end  L|n,oo) (/■') ) they  consist  of  the  functions  of  fore  # (X)  * 

o / “ 

- | (/)  dt  <p  (X)  - f elk,c  (/)  d (/) 

— no  \ ® 

Using  only  basic  information,  let  us  shoe  that  under  condition 
(1.2)  the  space  /-io. ti (f7)  coincides  with  the  class  of  functions, 
representable  in  the  fore 

T 

<T(X)  = /»(/X)  + (l  + /X)"  [ ea'c(t)dt,  (1.3) 
o 

where  P (iX)  - the  polynomial  of  degree  not  higher  than  n - 1 (with 
real  coefficients)),  but  c (t)  - the  integrated  squared  (real) 
function. 
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In  fact,  to  space  f-io.iiCf)  belong  all  the  functions  <r(X) ■=  (ik)*eIKt,  k 
* 1,  ...,  n - 1,  that  are  the  limit  of  the  form 


q>  (X)  = lim  (/X)*  1 
A-*0 


eik(t  + h)  _ glks 

h 


so  that,  amy  polynomial  P(/X)- 2W*X)‘  emters  im  L\«. n{F).  Farther, 

0 

entering  also  la  f-io. ti (F)  fanctioa  # (X)  ■ (l  +;x)’,-'(e,l+'M*- l),  0<s<t, 

represented  in  the  fora 


I 
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where 


q>W  = (l  +tt)"  f e'«ef(0  dt. 


r f I'hipn  0 < / < s, 
I 0 (Pnpii  s < / < t. 


Key:  (1).  with. 


It  is  easy  to  see  that  the  locked  linear  closure  of  f uncti onsq>(A.)  = (I  + ik)n 
i)(  o<s<t,  and  <r(X)  - {i\)k,  0 <C  k ^ n - 1,  gives  whole  space  LI0,,\(F) 
(regarding  being  locked  linear  shell  functions  ea‘,  0<s<x),  since, 
being  transaitted  of  the  indicated  functions  <p(X),  by  consecutive 
integration  can  lead  to  functions  g>(A)  = <?'*•»;  let  us  say, 

1 (A 

J (1 + a)"-,e"+*>*</s  = (l  I)  « t.  Ji. 

0 

Key:  (1).  and  so  forth. 


It  is  obvious  also  that  the  linear  closure  of  "stepped"  function  c,(/) 
the  fora  indicated,  where  paraaeter  s passes  entire  segnent  [0,  r], 
is  everywhere  dense  in  hilbert  space  x]  the  integrated  sguared 

functions  c (t)  , 0 ^ t 4 r. 
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Purtheraore,  for  functions  «*  (X)  and  #"  (X)  the  fora 
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<p(X)  = (l  + iX)"  J elklc  (t)dt, 


where  c (t)  is  the  linear  combination  of  step  functions  c,(t),  on  the 
known  equation  of  Perseval 


li  q/  (k)  - q>"  (k)  £ = J icp'  (X)  - q>"  (k)  ?Hk)  dk  X 

— oo 

OO  1 

•X  f |<p'(X)-<p"(Jl)P|l  + ikrdk  = 2n  J |c'  (/)  - c”  (t)  ?dt. 


It  is  clear  that  the  locked  linear  closure  of  all  functions  * (X)  the 
forn  indicated  coincides  with  the  class  of  functions  * (X)  , 
representable  by  the  foraula 

T 

q>  (X)  = ("I  + ik )"  [ eIKIc  (/)  dt, 

0 

where  0,  t|.  After  connecting  up  it  all  the  functions  <r!*)  - 0 

'i-l,we  we  will  obtain,  obviously,  space  L\0,j\(F). 

Foraula  (1.3)  nakes  it  possible  to  give  the  very  deaonstrative 
description  of  the  values  fron  space  H (T)  at  T * (0,  r]  - the  locked 
linear  closure  of  values  % (t)  , 0 x<  t ^ r.  Specifically,  if  o>(dx) 
is  a stochastic  spectral  neasure  of  stationary  process  £ (t),  then  is 
any  valne  r )gbH(T)  represented  by  integral  no  f <r(k)<i>(dk)  (see  ($6  of 
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Chapter  I)  , where  <p(X)e/.r  (F), and  is  easy  to  see  that 

ft  — ' T 

11-JI  fl»6(*,(0)  + ^6<*,(x)+  . 

*-0  0 

where  <n  and  bk  are  soae  real  coefficients,  ck(t ) are  the  integrated 
squared  functions,  and  I1*1  (0  - the  available  at  process 

derivatives,  k = 0,  ...,  n - 1. 

Let  us  note  that  if  spectral  density  f (X)  satisfies  only  the 
condition 

fW>e(  I +**)"". 

that  appropriate  space  L\d,,)(F)  it  enters  in  the  space  LT(G),  which 
corresponds  to  spectral  density /?(X)  = i{\  + X,)-n,  so  that  any  fu action  q>(X)e/_^,.$ 
(F)  represented  by  foraula  (1.3). 

Page  51. 

It  is  inportant  to  note  also  that  this  foraula  with  all  coaposite  X 
assigns  whole  analytic  function.  In  future,  (see  ($4  of  Chapter  III) 
we  will  show  that  space  L|o.,|(F)  can  be  identified  with  the  class  of 
the  functions  of  fora  (1.3)  not  only  under  condition  (1.2),  but  also 
under  the  weaker  condition,  when 


/wxd  + w-*. 
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(i.e.  /(X)  x (1  + A.*)""  oily  with  sufficiently  large  A).  Under  condition 
(1.2)  fron  representation  (1.3)  it  is  easy  to  deduce 
connon/general/total  fornula  for  functions  « (X)  fron  spaces  /.<-«>. oi (F) 
and  Specifically,  any  function  q>(X)eZ,|o.™>(F)  is  a linit  of 

certain  sequence  of  f unctionsq>*(X)e=/..|o.  tt|  (F),t*  -*  °o, representable  in  the 
fore 

JO 

q>*  (A)  = Pk  («'*)  + (I  + <X)"  J e'"ck  (t)dt,  *=1,2 

0 

•here  the  sequencer* (/),  * = 1 , 2 is  fundanental  in  hilbert  s pace  •?’s  (0,  °°) 

the  integrated  squared  functions  it  descends  in  this  space  to  certain 
function  c (t)  , 0 ^ t ^ It  is  clear  that  the  linit  function  q>(X)  = lim 

k-*oo 

q*  (X)  represented  in  the  forn 

oo 

q>  (X)  - P (iX)  + ( 1 + iX)"  f eik,c  (0  d {(), 

0 

where  P(iX)  «=  lim  P*(fX)  - the  polynonial  of  degree  is  not  higher  than  n - 
1.  It  is  clear  also,  that  everyone  such  functions  (where  r(/)e  <»)) 

enters  in  space  l.\«.~>>(F). 

Analogously  space  .oi  (F)  coincides  with  the  class  of  all 
functions,  described  by  the  fornula 

. 0 

q>(X)-P(<X)  + (l  + «X)"  J elKlc(()d(l). 
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Will  be  traced  below  the  structure  of  corresponding  spaces  Lr  (F). 
when  spectral  density  f (A)  coepulsorily  does  not  satisfy  condition 
(1.2),  but  all  the  saae  it  decreases  at  infinity  (or  it  is  converted 
in  0 with  final  X)  "not  too  strongly",  naeely  when 

n 

[ In  f (K)dX>  — oo 


for  the  discrete  tiee  t and 


f ln  / (M 

J TTv 


d\  > — oo 


for  the  continuous  tiae  t.  In  this  case,  after  retaining  the  previous 
designations,  we  will  turn  to  the  coaposite  spaces  H (T)  and  Lr(F). 


2.  Functions,  analytical  in  circle.  Let  us  designate  by 
the  class  analytic  functions  ♦ (z)  in  unit  circle  |zl<l,  for  which 


lim  f|g.  (/■«“*•)  \pd\<oo,  z = reiX. 

r-¥  I 


If  then  for  alaost  all  Xe|—  n,  n|  there  are  boundary  values 

<p  (ea)  — lim  <p  (rea)  O^yicL- 


lim  [ | qp  (re/x)  I"  dX=  J | g>  (e'M  p dk. 


Space  3€p  Banach  space  with  aorB||g»||l,,)  = | J | q> (e“) Mxj  .fis  possible  to 
identify  &ep  with  the  locked  subspace  (in  known  space  • 3*p(-n,  n )) 


Up 


OO, 


all  functions  v(ea)e^p  {- n,  n),  for  which 
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n 

[ q> (e,x) elHKdk  = 0,  n-1,2,  ... 

— n 


FOOTNOTE  ».  Space  J?r  consists  of  functions  ♦ (X)  on  segnent  a ^ 


X ^ b,  for  which »<pll<'’1-  i <r (X) \p </x  j < «.  £>J3>  FOOTNOTE. 


I/O 


Page  53. 

This  subspace,  which  consists  of  the  boundary  values  of  the  described 
•hof«rfwotioM,  analytical  in  circle,  also  let  as  designate  Str. 

Function  tfU)  analytical  within  range  |z|<l  is  called  an  external 
function  if  it  is  represented  in  the  form 

<p(z)«  nexp  | -^rrf-ln  pWdk  . |a|-l, 

" — n ' 

where  real  function  p(k)  is  non-negative  and  I npe^'f-n,  n). 

Analytic  within  circle  function  # (z)  is  called 

internal,  if  |<p(*)KI  and  |q>(e,x)|  = I for  alnost  all  lel-n,  n|. 

Blaschke's  product  is  called  analytic  function  B (z)  of  the  forn 

where  n,  p,,  pt,  ...  - nonnegative  integers,  0<  la.  |<  l and  prod  net 

riKTj 


ds 


PCL$0,  7 7 

Theorem  (f  10 1 , pp.  98-99).  Interval  function  # (z)  in  an  only 
mMt  is  represented  in  the  fora  of  the  prodect 

<p(z)  = B(z)exp  - J |1  (rfA.)  , 

l -n 

where  B (z)  - the  function  of  Blaschke,  (dX)  - singular  neasure. 

Fron  this  result  easily  is  deriwe/concluded)  ([10],  page  123), 
that  any  non-ewpty  faaily  of  internal  functions  has  the  greatest 
coanon/general/tot a 1 (internal)  di vider/denoninator. 

Page  54. 


Let  us  designate  by  D that  introduced  by  ¥.  I.  Snirnow  (see 
f20]J  the  class  analytic  in  circle  lz(  < I functions  * (z)  , which 
allow/assune  the  representation 


<p(z)  = fl(z)  exp 


I*  (dk) 


X 


X exp 


sir  J ;?rr7 ln?  (*)<** 


(14) 


where  B (z)  - Blaschke's  product,  p (dX)  - singular  neasure  and  p (X) 
V 0,ln/>e.Z'(- n,  n).  Thus,  class  D consists  of  the  functions  # (z)  , 
representable  in  the  forn  of  the  product  of  certain  internal  function 


! 


4 
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(internal  part  ♦)  and  of  certain  external  function  (exterior  P) . 

For  each  function  * (z)  class  D are  with  alaost  all  h boundary 
values  <p  (c,x)  = lim<p(re'*),  which  satisfy  condition  |q>(e'x)i  *=  p (l),  where  p (V)  - 

r-h  I 

♦•he  function,  which  figures  in  representation  (1.4)  for  ♦ (z) . 

Theoree  ([10],  p 80).  All  functions  qpea*:1  there  is  a product 
of  two  functions  fron  efc1. 

Theorea  ([10],  p 81).  fith  f(k)>0  u function  f = i<rl2,  where 

ips^ 

Tn  that  and  only  that  case,  if 

Apropos  of  this  theoren  let  us  note  that  it  is  possible  to  take 

<rU)  = exp  { J *&  + *■  InfWdX 

\ -n 

The  theoren  of  Byerling  ([10],  p 145).  During  <pe  f unction {z^}. 

n * 0,  1,  ...,  they  generate  entire  class  a H1  in  that  and  only  that 
case,  if  # is  an  external  function. 


Let  ♦ (z)  - function,  is  analytical  in  circle.  In  that  case  the 
function  ♦ ( 1/z)  is  analytical  outside  circle.  After  coaparing  taus 
of  each  function,  analytical  in  circle,  the  function,  analytical 
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outside  circle,  we  we  will  obtain  the  classes  of  functions  D and  W, 
analytical  outside  circle. 


1 


Page  55. 

In  order  to  differ  these  classes  fron  each  other,  we  will  in  the  case 
of  necessity  designate  the  appropriate  classes  within  circle  D* , &ep*, 
outside  circle  - D~,  &ep~. 

3.  Functions,  analytical  in  half-plane.  Let  us  designate  by  Stp, 

D the  classes  of  functions,  analytical  in  the  upper  half-plane,  which 
are  the  forns  of  classes  3ip,  D in  circle  with  the  conformal  mapping 
of  circle  onto  the  upper  half-plane. 

By  3tp  1st  us  designate  the  class  of  those  analytic  in  the  upper 
half-plane  functions  # (z) , for  which 

oo 

J \y(x  + iy)\p  dx<,M  <oo,  y^>  0, 

— oo  ' 

where  constant  B does  not  depend  on  y ([10],  [15]). 


Function  <p e £)  is  called  external,  if  it  is  is  represented  in  the 


<p(z)  exp 


1 f 1+1* 

In  p (1)  j,.! 

n<  J 1 — * 

— oo 

I+1J 

1 

( 


forn 
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where  p (A)  - real  function,  p ( X ) >0,  and  eJST'  (-  oo,  oo).  For 

external  functions  in  inequality  for  an  integral  of  Poisson 


ln|<p(z)| 


J 


tn  | <T  (A.)  | 

( X-x)’+ y' 


d\,  z = x + iy,  y>  0, 


occurs  the  equality. 


Function  <pe  D is  called  internal,  if  |<p(z)|<|,  |q>(A)|  = 1 (z»A  + ip,  p>0). 


For  the  functions  of  class  D they  occur  of  representation  of  the 
fora  (1.4)  : 


q>(2)=e,07iur)exp  - j 


v f 1 -*■*  Inp(K)  , 

xexp  n/  TTITF' 


where  <x  are  real  nuaber,  B (x)  is  a function  of  Blaschke,  p (dA)  - 
singular  final  neasure  and  p (A)  >„  o,  g JZ'(-  oo,  oo). 

Page  56. 

Analogously  to  classes  D and  &C*  in  the  upper  half-plane  extend 
regaining  assertions.  Specifically,  occurs  the  following. 
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Theorem  of  Lax  ([10]).  Daring  y*=3t2  faaction  {elkly(K),  t >0)  they 
generate  everything  e*2  ia  that  and  only  that  case  if  e is  an 
external  function. 

Below  we  frequently  will  use  the  following  characteristic  of 
spaces  e*2- 

Theorem  of  Pali  - Weiner  ([10]),  p 187).  Function  <p  e<&2  (in 
the  upper  half-plane)  in  that  and  only  that  case,  if 

no 

<p(z)  = [ e"'c(t)dt,  lmz>0, 

6 

where  cfDei1  (0,  oo). 

If  simultaneously  with  classes  D,  ek:n  in  the  upper  half-plane 
are  considered  classes  D,  &CP  in  lower  half-plane,  we  will  write  D+,  eH?P 
in  the  case  of  the  upper  half-plane  and  D','efcp~  in  the  case  lower. 

Let  us  note  that 

J?J(-  oo,  oo)  «*  0 &ft2~ . 


§2.  Spaces  (F ) and  L~  (F) 
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Let  ( (t)  be  a stationary  (in  the  broad  sense)  randoa  process 
with  the  spectral  leasure  P (dX)  • Let  F - Fa  4-  Fit  where  Fa  is  1m 
absolutely  continuous  and  F,  is  singular  coaponents  of  aaasure  P. 

tiF 

Let  us  assuae,  let  ns  in  this  case  call  f (X)  spectral 

density,  even  if  F¥-Fa.  Let  us  introduce  for  a aultiplicity  new 
designations,  after  assuaing 

L ~HF)  = .,(F). 

L~  -=  L~  (f)“  k-m.  0i(F)<UkiL+  - (F)  - Z.|0.  «.)(F). 

Page  57. 

Theorea  1.  If  5 (t)  is  a stationary  randoa  process  with  the 
discrete  t iae  t = 0,  £l,  ...,  then 

1)  LUFS)-L-(F,)-HF,)\ 

2)  L+  (/r„)=  l~  (F„)  =-  L (Fa)  in  that  and  only  that  case,  if 

n 

/ | In  / (A,)|rfA,  - oo; 

— n 

3)  if 

n 

J |ln/ (X)|rfX  < oo.  (2.1) 

that  f (X)  can  be  registered  in  the  fora  f(K)  - where  g is  an 

external  function  of  class  <^5  ia  circle  |z|<  I.  Is  this  case 


. 

j 


■cawn 
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L-(Fa)-D-(\L{F,)- ±&*~,  L+  (F,)- 

- />♦  n hf.)-  j &’+. 


Theorem  2.  If  f (t)  is  a stationary  randoa  process  with  the 
continuous  tiae  t,  - < t < •,  then 

1)  L+(F,)-L-{F,)  = HF,)\ 

oo 

2)  l.+ {F„)~  Ir  (Fa)  = L(Fa)  in  that  and  only  that  case , if  j -^7^r-rf\*= 


3)  if 


"(In /(A)  l 

J l+A* 


rfA  < oo. 


(2.2) 


that  f (A)  can  be  registered  in  tha  fora  f (A)  - 1 u (A)  I*.  ahara  now  g is 
an  external  function  of  class  SfC1  in  the  upper  half-plane  la  z > 0.  z 
= A ♦ ip.  Here 


L~  (Fj  - D“  fU  (F„),  L*{F.)  - D+OL  (Fm). 


Page  58. 


Assertions  1)  -3)  both  theoreas  are  actually  equivalent  to  those 
belonging  A.  R.  Kolaogorov  and  It.  G.  Krein  to  the  fundanental 
theoreas  of  the  theory  of  the  forecast/prediction  of  stationary 
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random  processes  * . 


FOOTNOTE  ».  See,  for  example,  [22].  EMDFOOTMOTE. 

Since  subsequently  these  assertions  play  fundamental  role,  we  will 
give  briefly  their  proofs. 

First  let  us  demonstrate  paragraphs  1)  -3)  theorem  1.  Let  F be  a 
singular  measure  on  segment  [-»,  »].  Let  us  assume  that  L~¥*L.  Then 
it  is  necessary  ea<£L~.  Let  us  designate  by  * (X)  the  projection  of 
cell/element  e‘K  on  subspace  L\  Theneu  - <r(A)#0and  ea  - q>(X)  ± so  that 

n 

«-0.  1.... 

— n 

The  generalized  aeasare  F,  (t/X)  = (ea  — <p)  F (rfl)  is  analytical,  i.  e., 

n 

f-e'">‘F1(dA.)  = 0,  m-0,  1 

J 

also,  according  to  theorem  f.»  n.  Riesz  ([10],  p 73)  must  be 
absolutely  continuous  with  Lebesgue.  But  this  contradicts  the 
singularity  of  measure  F (dX).  The  obtained  contradiction  proves  p. 
1). 

n 

Let  us  pass  to  p.  2).  Let  J||nf(A)|dX-  «>.  Let  as  assume  that  in 
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Spite  of  theorea  l~¥- L.  Then  again  elk^L~,  and  if  again  ♦ (A)  there 

is  a projection  elk  on  L~ , then  >Jj (A.)  _ e,h  — <p(A)^0  a^ricL 

n 

j e'*^(k)Hk)cik~0,  n = 0,  l,  .. . (2.3) 

— n 

Let  us  designate  IM0”  norn  in  space  n).  Let  as  note  that 

function  e S’1  (—  n,  n).  Actually,  on  Buniakowski«s  inequality 

Hir<HK-(V>!tT<  «■ 

Page  59. 

Hence  on  the  basis  of  equality  (2.3)  it  follows  that  tyfe&V1.  The 
logarithm  of  any  function  fron  SV'  is  sunned,  therefore, 

n 

| ln|if(A,)/(l)|rfX>  — oo. 

—n 

Pron  the  elenentary  inequality  In  x < x it  follows  that 

n 

{ ln|^(l)/(A.)|dl<HIPFo<oo, 

— n 

n n 

J lnf(A)d>.<  J f(k)dk<*>. 


Together  with  previous  these  inequalities  nean  that  in  spite  of 
condition  In fe&'. 
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The  obtained  contradiction  proves  the  first  part  p.  2),  the 
second  part  p.  2)  is  contained  in  assertions  p.  3),  to  proof  of  which 
we  now  will  pass.  On  the  strength  of  (2.1)  f (X)  it  is  possible  to 
register  in  the  fora  f(\)  -|  g(elk)  i*.  where 


= i J ^yln|/(0)|de 


, z ■■ 


re 


ik 


is  an  external  function  frow  Let  <p(ea)  - «p  e L*(F).  This  it  indicates, 

then  there  exists  the  sequence  of  polynosials  P„(z)  ssch,  that  ll<p- 
But  then  and 

II  <pg  - Png  f*  = II  <P  ~ PJI/r  -*■  0 rfp?.  n-oo. 


Key:  (1).  with. 

It  is  obvious,  Png  e St7*.  Therefore  and  lisit  function  ^ = i.e., 

<P °t/g  \ 

^ where  i|>,  ge&e**.  Being  converted  to  canonical  representation  (l.b) 
of  functions  fros  «fc,+  and  D\  we  see  that  <peD+. 

Conversely,  let  <r  e=  D*  n L (F).  Then  i|>  = <pg  e=  Function  g - 

external,  and  according  to  the  theores  of  Byerling  (see  §1)  the  set 
of  functions  (gP),  where  P passes  whole  polynoaial,  is  dense  in  . 
This  that  neans  specifically,  that  it  is  possible  to  find  the 
sequence  of  polynonials  P*.  for  which  with  n • 
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II  ♦ - gP»  lb  “ il  (<P  “ PJ  g lb  " II  <P  ~ Pn  Hr  °* 

i.t*  that  <p  m L*  iF).  The  case  L~  [F)  is  examined  analogously. 

Page  60. 

The  proof  of  paragraphs  1)  -3)  theorea  2 almost  completely 
coincides  with  the  proof  of  the  corresponding  pcint/items  of  theorem 
1.  Actually,  with  the  help  of  the  conforsal  mapping  of  circle  onto 
half-plane  it  is  proven,  that  the  generalized  theorem^,  and  H.  Biesz 
is  accurate  in  this  case  (see  [20],  p 209).  Further,  if  q>e<50*  la 
the  upper  half-plane,  then  it  is  necessary 

o.. 

'*  -00 

Finally,  in  proof  p.  3)  instead  of  the  theorem  of  Byerling  it  is  to 
exile  to  Lax  theorea. 

It  is  useful  to  note  that  in  proof  p.  3)  both  theorems, 
actually,  are  obtained  the  following  equalities:  if  are  satisfied 
conditions  (2.1)  or  (2.2),  then 

L+  -- l!~  -i***". 

g K 


(2.4) 
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53.  Structure  of  spaces  Ir(F),  when  (€)  - the  finite  interval. 


In  previous  $2  we  traced  the  spaces  LT(F)  (but  that  leans  and 
spaces  H (T) , generated  by  the  values  of  the  corresponding  stationary 
process  5 (t),/<=7\  with  the  spectral  aeasure  P (dX) ) , when 
infinite  interval.  Here  there  will  be  considered  the  case  of  the 
finite  interval  T = [a,  b]. 

Since  the  case  of  discrete  tine  is  trivial:  LT(F)  consists  of 
the  trigonowetric  polynomials  of  form  2 afiai,  below  we  will  deal  only 

a<l<b 

with  processes  with  continuous  time.  Furthermore,  we  will  be  bounded 
by  study  of  the  processes  £ (t) , which  have  absolutely  continuous 
spectral  measure  P (dX)  and  the  spectral  density  f ( X> , that 
satisfies  condition  (2.2). 

Page  61. 

As  already  mentioned  above,  sufficient  to  examine  the  intervals 
of  form  T - [^a,  a ].  Let  us  assume 

LV)«  H Lr(P > 

r-1-0.  oi,  •>« 
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r 

The  space  L°  (F)  is  deterained  by  the  behavior  cf  process  € (t)  in 

infinitesi  aal  vicinity  of  zero;  isoaetric  to  it  the  space//0-  />r.  i» 

r 

particular,  contains  all  the  existing  derivatives  l(k)  (0). 

Let  us  agree  to  designate  through  D„  the  set  of  the  whole 
analytic  functions  * (z) , z = X ♦ ip,  the  final  degree  i.e.,  such 

whole  functions,  for  which 

lim  /?-' max  ln|f(/?£,"')|  < a 
8 

(specifically,  D0  it  designates  the  set  of  the  integral  functions  of 
zero  degree) . 

Theorea  3.  If  spectral  density  f (X)  of  stationary  process  € (t) 
satisfies  condition  (2.2),  then  1 

L"(F)~  Da(]L(F),  L°(F)  - Do nUn.  (3.1) 

FOOTNOTE  *.  We  do  not  aake  the  difference  between  functions  froa 
and  their  contraction  to  the  real  straight  line  p * 0. 


EWDFOOTWOTE 


TJ-  — 


DOC  = 77182303  PAGE  -25" 

C)0 


1 

Proof.  (Jb  us  it.  is  to  demonstrate  two  connection/inclusions: 

L°  (F)  czD0(]L  (F)  <U>oL  L°  (F)  z>DaDL  (F). 

Page  62. 


The  first  of  thew  we  will  demonstrate  for  all  o ) 0,  the  second  - 
only  for  * = 0 >. 


FOOTNOTE  *.  The  pcoof  of  the  general  case  («  > 0)  although  is  reached 
by  the  same  means,  substantially  more  cumbersome;  reader  can  find 
this  proof  in  the  article  of  Levinson  and  Hckean  (N  Levinson,  H. 
McKean,  Weighted  trigonometrical  approximation  on  R1  with  application 
to  the  germ  field  of  a stationary  gaussian  noise,  Acta  Hath.  112,  No 
1-2  (1964),  99-143).  More  powerful  result  is  obtained  previously  H. 

G.  Krein,  who  indicated  integral  representation  for  integral 
functions  from  *•"  (H  (see  "^bout  the  basic  approximating  problem  of 
the  theory  of  the  extrapolation  of  stationary  random  processes",  the 
DAh/  of  USSR  94  (1954),  13-16). 

The  further  results  of  this  chapter  are  also  borrowed  from  the 
cited  article  of  Levinson  and  Hckean;  their  proof  are  somewhat 
changed.  ENDPOOTNOTE. 
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w' ’ (F)  o Da  fl  L (F^  J 

1.  Proof  of  connect  ion/inclusion^ ' Let  function  cp  e=  La(F). 

Will  be  located  the  functions 

W = Sa/neXP{rt/nM.  |//,K«+  Un, 


( II  <r  - <p  JI/>  < •/«.  «=  l.  2,  . . . / 

such  that/^ — Is  obvious,  everything  (p„  <=  D„  + 


We  will  demonstrate  that  at  each  point  of  the  composite  plane 


l<p„(z)l  <C,e 


(n  + ()|  z| 


whatever  the  number  e>0,  the  constants  C,  depending  only  on  t (but 
not  of  n) . 


The  uniformly  bounded  family  analytic  functions  <r„  is  compact. 
Furthermore,  ll<r„  -<pll/*-*0,  and  therefore  ?>,,(*)  it  converge  to  the 

integral  function  e (z) , which  under  condition  (3.2)  there  is  a 
function  of  the  final  degree  not  larger  #.  It  is  obvious,  contraction 
♦ (*>  on  In  z = 0 coincides  with  * (X)  . 


Thus,  remained  to  demonstrate  inequality  (3.2).  For  this  we  will 
estimate  |<p„(z)l  on  the  bisectrices  of  quardants  and  we  will  use 
fragnena-Lindeloef *s  principle  *. 


1 


DOC  * 77182303 


page  ■ar" 


FOOTNOTE  *.  See,  for  exaaple,  [18].  ENDFOGTNOTE. 


Let  us  estimate  first  |<r„(z)|  for  kO  K 


Page  6 3. 

Let  us  note  that  on  the  strength  of  (2.2)/. where  g (z)  - 

the  external  function  of  class  Let  us  introduce  functions  \|j„(z)  = 

, — -- — — TE  is  obvious,  \ji„  e ^ , and  therefore  with  all  p > 0 


J !'M>-  + <n)frf(i  < J I*,  (A) 


llr< 


( II  T Hr  + ~ )2  (I!  <T  Ilf  + IF--C,.  (3.3) 


Further,  since  functions  g(=<P62,  it  it  is  possible  to  present  on  the 

basis  of  the  theorea  of  Peli  - Weiner  in  the  fore 

no 

g(z)  - J eta*&(u)du,  z-i  + tii,  (i>0, 

o 

where  g (a)  - Fourier  transfora  to  function  g (V).  Therefore  with  all 
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Let  as  designate  by  \'R  the  outline,  which  consists  of  the 


Further,  record/writing  ln|g(*)|  in  the  form  of  the  Poisson 
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At  the  sate  tine 


Ji 

n 


f t- ,-du  <^1+l  'f  ^i^-du 

J (u  — Xr  + n1  2nn  J I + u* 


I •*  I > r 


R R*  + I 
nl'2  R 1 


J 


I ii  I > r 


i«1>  r 

Lifi^-Lrfw  = /?  • o(i).  ,r- 


co. 


two  last/latter  relationship/ratios  they  prove  (3.6). 


Proa  (3.6)  it  follows  that  for  any  e > 0 and  z * flg'9  (9  = v/4# 
3r/4;  R 1)  is  inplenented  inequality  |g  (z)|  _'lzl.  where 

constant  C«,  possibly,  depends  on  e.  Taking  into  account  (3.5)  let  us 
have  a ileivca  on  ray/beans  z » (9  = v/4,  3w/4;  B >,  1)  the 

following  estination: 

lTnWI<C/',+'^l'!.  (3?) 


It  is  analogous,  introducing  function  >|i-  (z)  * «rng  ezp  ( - iz  (*  ♦ 6)} 

5 

^ where  for  z ‘A«lot<erhalf-plane/y(z)  * g (t)  seSt?*-,  we  will  obtain 

on  ray/beans  z ■ 9 3 5r/4,  7*/4,  B 1 the  estination 

l?«WKCsclH,+t'l'l.  (3.8) 


Page  65 
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, \<Tn(2)\J 

Let  as  now  wove  on  to  the  est  inat  ion  a— -—-on  the  segments  of  the 


bisectrices,  which  lie 


within  circle  |zKl.,  As  usual, 


let  us  count  ln^  a = lna,  if  a > 1,  and  In*-  a = 0,  if  a ^ 1. 
Considering  the  subharaonic  function  In  l<pn(z)|  i using  the  Poisson 
integral,  we  will  have  on  straight  lines 


Im  z | =0 


-•oe» 

a 

i «’ + i 1 

<1TS!!P  (» - *>»'+  i~  J 


i»+  Hn 

«»+i  ^ 


<±A!+i  • =» 

jt  a , ir  + I 


- _L  Alt  A i igu 
n 2 J r+  ii J 


. I Tn  («)  1 1 g (»)  I 


J 


In  I <Pn  («)  g («)  1 1 


j 


i + «’ 


C6(1j  + 2)(||<tJI,+  J l',,1((;t)l  ri«)<C;(l?4-2). 
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Thus,  function  e“c’*,<p„(z).  analytical  in  band  I In  z|  < 1,  United  in  this 


band,  also  satisfies  on  its  boundaries  equation  | (*)l < CH  , 
where  C*  does  not  depend  on  n.  In  accordance  with  the  principle  of 
Fragnena  - Lindeloef  the  last/latter  inequality  it  occurs  in  all 
points  of  the  band  indicated.  Specifically,  all  the  functions  f>n  (z) 
are  evenly  United  in  circle  jz|  $ 1.  Hence  and  froa  (3.7)  , (3.8) 
follows  the  validity  of  inequality  (3.2),  which,  as  already  it  was 
said,  and  proves  lst~  part  of  the  theorea. 


2.  Proof  of  connection/inclusion  L«  (P)  3 Ds  H L (F) . Let  e 

(X)  <=  D0  u I*  (F) . According  to  Hadaaard's  known  theorea  * function  # 
(X) , whole  function  of  zero  degree,  can  be  registered  in  the  fora  of 
the  product 

(i . v_ilT<„,  (3.9I 

where  z^  ^ 0 - zero  # (z) . 


FOOTBOTE  *.  See,  for  ezaaple,  [18],  page  525.  ENDFOOTWOTB. 
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Function  # (z)  can  be  rewritten  in  the  fora  of  sub  *t  (z)  ♦ (z) 
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'Pl  “ ,/2(<P(i')  + <p(-  z)) • ) 

where  a and  <Pz(z)  = '/j(<p(z)-q>(- z))  - with  respect  to 

even  and  odd  function.  Hith  this  as  before  #*•  ♦*  <a  D#  fl  L (F> . Thus, 
to  us  it  suffices  to  deaonstrate  theorea  for  even  and  odd  functions. 
The  proof  in  both  these  cases  is  identical,  and  we  for  a certainty 
will  consider  even  functions  ♦ (X) . 

He  should  deaonstrate  that  with  any  e>0  will  be  located  the 
function  qv  e/.'iF),  for  which  II T - <re  \\r  K e. 

Let  us  note  first  that  any  sunaarized  with  square  integral 
function  4 (X)  the  final  degree  ^ e belongs  Actually,  any 

this  function  belongs  to  L (F)  , and  according  to  the  theorea  of  Peli 
* Heiner*  relative  to  integral  functions  froa  ^ funcions  4 has 

A 

Fourier  transfora  $ equal  to  zero  outside  | — e.  e|,  so  that 

f 

q>  (X)  ■=  ) e,Ku${u)du 

and,  of  course,  l.'(F). 


FOOTHOTE  *.  See,  for  exaaple,  [10],  page  82.  ERDFOOTHOTE. 


Thus,  it  suffices  to  construct  the  sunaarized  with  sguare  whole 
function  of  degree  <*,  which  well  approaches  «.  Let  us  note  that  for 


i 
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an  even  function  a the  Adaaarov  of  factorization  (3.9)  will  take  the 
fora 

n 

[j  (l  -4).  m>0. 

Let  us  deteraine  function  <P«W  by  the  equality 

| rn  | < d ' " / n > rffl  ' " ' 

•here0  a’ and  nuaber  d*=d(t\  win  be  aade  aore  precise  late. 
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Let  us  show  that  <re  ~ the  suaaarized  with  square  integral 
function  of  degree  <e  (and,  which  neana,  q>,  e U(F)  )•  The  Euler  foraula 


sinni  = niYJ  (i  --J4) 


aakes  it  possible  to  register  cp,  in  the  fora 


i 2m -I 


<P.W- 


sin  n 6K 


n {>-$) 


nd 


DFrl' 


n<di 


0.10) 


so  that  <M*)  la  the  integral  function  of  degree  n6=*e  tet  us  no* 
■owe  on  to  the  estiaation  of  the  relation  of  polynonials  in  right 
side  (3.10)  with  large  V.  Let  us  introduce  the  aonotonical ly 
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nondecreasing  function  ^M^’to  the  nunber  of  roots  of  function  F (z) 
in  circle  |zK#.  Function  A',!/?)  closely  related  with  the  order  of 
an  increase  in  function  F (z) . Specifically,  for  the  functions  of 

zero  degree  ^(/?)  = o(/?),  R-+  oo1). 


FOOTWOTE  ».  See  [18],  p 521.  ENDFOOTNOTE. 


1 - 

r 

Consequently,  degree  of  polynonial  in  the  nuaerstor  of  expression 
(3.10)  is  o (d)  , whereas  degree  of  polynonial  in  denoninator  ~2d6, 
and  T*  s ~^}(- oo,  oo)  f0r  sufficiently  large  d. 


To  us  reaained  to  consider  II  qv  - <r  II/-.  For  this  let  us  deaonstrate 
the  following  lenna,  which  characterizes  proxinity  <r,  to  F. 


Problen  1.  At  assigned  P>°.  /l<°°it  is  possible  to  find  nunber  d0 
such  that  for  all  d > d0  they  occur  of  the  inequality 


max  I <r  W - M I < -rrf 

12 


max 


Te  (A) 


<1. 


max  |<p(A.)K  1. 

|M>y 


(3.11) 
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The  first  of  inequalities  (3.11)  is  obvious.  For  the  proof  of 
the  second  we  will  use  the  eleneatary  inequality 

e-2j[<  1 -x  <<?-*,  0<.v<-^, 

and  let  us  write 


m-")  rii'-^i 

, n > d&  ^ n > d<>  ^ 

Ti"Tfra<  n ray 

<exp f-*W  V JrjeXp(2A.2  V ^_j. 

I n >d«  I l Kl>d  I 


To  evaluate  the  first  factor  in  (3.12)  let  us  note  that 


n > rfA  rffl  + l 


(16  + I * 


V i 

Tn  order  to  consider  |r„|*  ’ let  us  turn  again  to  distribution 

Kl>rf 

function  of  zeros  N^{R).  Taking  into  account  that  AL(fl)  = o(R),  iet 


have 


2d  |?„|«  K5  d*r~  + 2J  R » dR  ^ 

l*.l>d  d i d 


. r dR  2 fl 

<2,SU>P-“  <27 
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if  only  d selected  by  sufficiently  large,  after  substituting  the 
obtained  estiaatioas  ia  (3. 12) f n will  obtain  that 


max  ... 


as  soon  D > 1/6.  Second  ineguality  (3.11)  is  proved. 
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Let  us  pass  to  the  proof  of  the  last/latter  ineguality  of  leana. 
Ho»  ! X I > <7/2.  By  considering  the  second  of  the  factors  in 

expression  for  rp,,  let  ns  find  that 


In 


( 1T 


,_A1 

** 


Ini  1 - 


'J 

I 


In  I - 


7?> 


)-  s 

d 

(IN^RX  J In  (l  + -j p)dNi(Rh. 
0 

N,(d)  In ( l + ■517  + J *j  + /j:  £ rf/?  < 

I* 


: <2Ar(d)ln 


51 M 


+ 2 


rf/?- 


> 0 (d  In  d)  + 0 (din  — (3. 


131 
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To  evaluate  the  last/latter  factor  in  fornula  for  qpe  let  us 
consider  separately  cases  d/2  ^/x/^  d and j\J>  d.  If  X ^ d,  then 


ri(' 

n > db 

<exp|- 

xwv  -V]< 

n > db  1 

K6 

. f vv 
<expi  rf(i + 1 

}<e 

” 2 

provided  dd 

>/ 

i.  if  | 

X|  > d 

, then. 

again  by  using 

the 

expansion 

Euler,  let 

us 

find  that 

TT  1 1 

XW  | 

sin  n 6^ 

1111 

fl>  1 “ 

-ni-^r 

n < rfA 

For  n < dd/PT  vill  bejl  X*d*/n2|>  X*d*/2n2,  so  that  on  the  basis  of 
the  Stirling  formula  for  n!  let  us  have 


+ ««  V 2 In -pi- ) = -i-expf  - rfd  VA2  I"  “ ■ 
I 2 no  l,  a , 


Page  70. 

Equate/comparing  the  obtained  estimations  with  (3.13),  we  see  that  as 
soon  as  d is  sufficiently  great,  a|x|^  d/2,  then  lv«(MKl.  Lemma  is 
demonstrated. 

With  the  help  of  this  lemma  immediately  is  obtained  the 
estimation  for  II <p - q\ Hr-  Specifically,  on  the  strength  of  (3.11) 

A 

J <P'T, llf<  J l<p W - <r, (*) Is/ (k) dk  + 

-A 

+ 5,  J,  |<p(A,)P/(A,)dl  + 2 [ f(k)dk<t2, 

,X|'>y4  |X|><M 

if  A and  d are  selected  by  sufficiently  large.  Theorem  3 is 
demonstrated. 


5*.  Projection  L+  ( F)  on  L”  (P) 
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It  is  well  known  1 , how  important  role  in  th«  theory  of 
forecast/prediction  play  the  projections  of  spaces  lt(F),  T = [a,  oo),  al>0, 
on  space  L *“  (F)  . 

POOTBOTE  *.  See,  for  example,  [22].  EEDFOOTBOTE. 

These  projections  appear  daring  the  study  of  the  varied  conditions  of 
the  regularity  of  randon  processes  (see  below  chapter  IV).  Here  we 
will  demonstrate  a series  of  the  theorems  about  the  structure  of 
space  L'fl~  (?)  - to  projection  !*(?)  on  L " (?)  . 

On  the  strength  of  theorems  1,  2,  it  suffices  to  examine  the 
randon  processes,  which  possess  spectral  density  f (X)  , which 
satisfies  conditi3ns  (2.1)  (for  processes  with  discrete  tine)  or 
(2.2)  (for  processes  with  continuous  tine) . Recall  that  in  that  case 
spectral  density  f (X)  allow/assunes  the  factorisation 

f (1)  - I g (ea)  I2  = g ( ea ) ■ g (ea) 

(tine  t discretely),  where  g (s)  - the  function  of  class  &?+tlzl<  1,9 
ff(2)  = ia(y).  \z\>  irthe  fanction  of  class<5fc,2“.  It  is  analogous  for  processes 

with  the  contianoes  tiae 

fW -I  ■«(*). 

<jre=^fcJ+,  Im  2 > 0;  g{z)  = g(z),  lmz<0,  getf?2', 
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Are  obvious  the  connection/inclnsions 

L~  (F)  = /.+|-(F)  = L~  (F)  n L+  (F)  3 L(F).  (4.1) 

The  basic  our  target/purpose  - to  explain,  shea  these  or  other 
of  these  inclusions  are  transforaed  into  equalities. 

We  will  begin  froa  the  description  of  the  analytical  fora  of  the 
operators  (designated  also  &)  and  , design/projecting 

respectively  for  L ~ (F)  and  L^JF).  Let  os  designate  by  v " (=  „)  and  r* 
the  operators  are  projected  on  (-•,  •)  (.T*  (v,  v)  on  and 

respectively.  These  operators  are  detersined  as  follows:  let  e e -T-5 
(-•#  -)  and 


oo 

<p  (i)  = [ («)  du , 

-» 


where;  — oo,  oo); 


then 

0 w 
n~<p(k)=  I eau$(u)du,  n+q> (X)  « j ea"qi («)  du. 

o 

no 

It  is  analogous,  if  <r  where 

— no 

2l  a,  |*<  oo.or 

0 eo 

n+<p  ” 2j  eaiat. 

— OO  0 


then 
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Lena  2.  occur  the  following  ralatioaakip/ntioa: 


XiW'Ms^AMA), 


0+  — I + 

= <r  n g. 


Proof.  le  will  be  bonnded  to  exauinatioa  ■ Let  us  also 

assuee  that  ve  deal  with  the  contieeoes  tiee  t (case  of  discrete  tine 
is  exaained  analogously).  We  should  denoastrate  that 

y #>L  (F)  = L~  (F),  &L~  (F)  = L~  (F). 

two  first  equalities  nean  that  & - projector  *,  two  following,  that 
^-projector  on  L~(P). 


POOTWOTE  *.  See,  for  example,  (2],  page  111.  EKDFOOTNOTE. 


Page  72. 


Since  w - projector,  » • « »,  »»  • v.  Therefore 

(^V  y)r  ” (« («<F>.  tf’t’)?  - (tff . n («g>>  )i  - 
= (ggv-  g~'xgi\  = (<r.  ^)r- 


Equality  with  obviousness  follows  froa  relationship/ratio  v* 


Further,  in  | 2 it 


then  tyg*1  e=  L~  (F).  Since  n(g<p)e=£ 

«^<p  ■»  'n  (£<p)  — g-'gy  — <p. 


is  shown,  that  if  <j> e=L~(F),  then  *< pe^',  if 


Since  n(gq>)e=4>t*-,il)'*'P'r  = g 'ngv^L-(F).  If  finally  ? ef(F), 
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Lea* a is  deaonstrated. 

Theorea  4.  L “ (F)  = L ~*l~  (P)  in  that  and  only  that  case,  if  8 * 

g/g  coincides  with  the  relation  of  two  internal  functions;  L4*"  (F) 

- t “ (P)  (\  L+(F)  in  that  and  only  that  case,  if  • = g/§"  there  is  an 

internal  function. 


Proof.  Theorea  is  proven  by  siailar  fora  as  for  processes  with 
discrete,  so  also  with  continuous  tiae.  We  will  give  the  proof  of  the 
first  part  of  the  theorea  for  discrete  tiae  and  the  second  - for 
continuous. 


Let  9 =>  s,(eiK)/s2(ea),  where  fi  (z).  s2(z)  are  internal  functions,  so 
that  I s,  (e,A)  | = | s2(fu)  1 53  I.  Let  us  consider  that  st  (0)  = sa  (0)  = 0; 

otherwise  we  couli,  without  varying  8,  replace  st,  s,  by  zs(,  zs,. 
let  us  consider  function  * = g~*  (stg)  and  show  that  <r *=  L~  (F),  but 

q>  ± LM"(F)(it  goes  without  saying  that  # = 0),  so  that  L~¥=L+i~.  it 

is  obvious  and  therefore  fsi'.  Further,  # it  is 

possible  to  register  in  the  fora 


and,  since  sf  0,  ipj e let  now  t-  be  the  arbitrary 
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cell/elesent  1+(F)  . Re  have 

<<p.  - (<P K<  n )2  = 

■“("(T/f).  £’l’)2  = (q>£.  £'t>)2  = tff)2  = 0. 


since 


cpg  e e~i*'o/t 2 , s <Sft2  *■. 


Page  73. 


Conversely,  let  L 


= L 4 and  let  t *=L~,  bat  <rliL+l~.  Let  us 


register  function  ♦ in  the  forn  (f>  Jg,  qi,  e$K’*+.  Function  cp,  e=e^2  can  be 
registered  in  the  forn  of  product  #a  * 0«7a«  shere  9,  - internal 
function,  a Yie®*7  - in  external  (see  §1).  Let  us  note  now  that  the 
function  Sg  is  orthogonal  <&2+  in  £*(-*•  *)■  Actually,  if  ^e©^2+, 
then 

<<P 8.  t)2“(w.  i*)r(n (®«), 

= (jw.  -f  I «!*),- (^<p.  7- ),,  = (».  ^7>r  = o. 

then  since  yfgeL*{F).  Therefore  <p£  e e/tf2',  and,  which  aeans,  <rtf  = 02  • y2, 

where  e2f  r*  “ with  respect  to  internal  and  external  function.  Thas, 


we  have 


ftf  = 7 Ti  “ "f"  ®«Vi  “ °2Y2- 


Since  |e|  | =•  | p2 1—  | (o,,  g2  ” internal),  | Vl  I =1 V2 1-  External  functions  yt 

(z),  7x  (*)  shone  nodale/aoduli  to|xf«  1 coincide,  are  equal,  so  that 

g 6i  = °L 
8 ” ^ 0« 
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The  first  part  of  the  theorea  is  deaotistrated. 

The  proof  of  2-1  parts  of  the  theorea.  /_et  us  note  first  that  in 
accordance  with  the  done  previously  assuaptions  L”  (P)  ^ L (P)  and, 
which  aeans,  L ” (P)  ^ L “ (P)  O L^P).  Therefore,  according  to  that 
which  was  deaonstrated  above,  during  the  investigation  of  the 
question  concerning  equality  L“  0 L* = L ^ it  is  possible  to  count 

0 = 0,/02  where  9t , 02  are  internal  functions  without  coaaon  divisor. 

Proof  is  based  on  the  following  egnality: 

L*l~iF)~L~(F)(\-^-L*{F).  (4.2) 

froa  which  iaaediately  it  follows  that  1^1“  = L ~ f\  L*when  and  only 
when  Qg  s 1,  i.e.,  when  0 = 0t/02  s is  an  internal  function. 

Page  74. 

Por  proof  (4.2)  let  us  introduce  into  exaaination  orthogonal 
coapleient  H of  space  L^~  to  L " and  show  that 

(4.3) 

Actually,  let  ■■  register  arbitrary  cell/eleaent  t gMc/."  in 

the  fora  >p*=W«.  where  If  # ie  orthogonal  / +l~ — 

SR 

then  is  orthogoeal  ie  S*(-oo,  oo)  to  space  But 

8 
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since  w*x  = J, , this  means  that  is  orthogonal  i-e^2f. 

is  orthogonal  to  entire  dfe24.  Consequently,  q >gG^!',  which  is  equivalent 

(4.3). 


Is  deconposed  nov  function  4t  (belonging  on  the  strength  of 
equality  (4.3)  both  and  0~'c&3  ) into  the  product  of  internal 

and  exteriors.  >e  will  have 

Ti  -Y383*  -57  YA. 


where  V/  - external,  a o(  internal  factors.  It  is  obvious,  y3  = 
y«,  so  that 

0|04  ="  0j9|, 

and,  since  9?  and  6t  do  not  have  comnon  faactors,  function  9?  must  be 
divided  e*.  Consequently,  (4.3)  it  is  possible  to  rewrite  thus: 

M - 7 i ^’"2  = L- fl  ^ L-.  (4.4) 


Wow,  relying  on  relationship/ratio  (4.4),  let  us  find  orthogonal 

cosplenent  M to  L~  (equal  regarding  L ).Let  us  note  that 


i.  J_ 
8 0, 


Therefore  is  sufficient  to  find  orthogonal  cosplenent  — to 

8 

entire  L (P)  or,  which  is  the  sane  thing,  to  find  orthogonal 
cosplenent  is  j?*(-oo,oo)  spaces  T,^  to  in  all  ^(-00,00). 
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Paqe  75. 

The  latter*  obviously,  J_e;^+,  what  in  L (F)  it  answers  space 

l)2 

-g^-L+  {F).  Equality  (4.2),  and  with  it  and  theorea  are  deaonstrat ed. 

fe  will  explain  now,  when  L*/-  (F)  * L®  (F)  (it  goes  without 

saying  that  already  the  very  posing  of  the  question  assuaes  that  we 
deal  with  process  with  continuous  tiae) . In  light  of  theorea  3 in  the 
case  of  the  equality  indicated  there  is  f ull/total/coaplet e 
description  of  space  L**. 

Theorem  5.  Let  be  is  satisfied  condition  (2.2).  Equality  L 
(F)  * L®  (F)  occurs  in  that  and  only  that  case,  if  1/f  (X)  there  is 
the  whole  analytic  function  of  zero  degree. 

Proof.  Let  L *1"  (F)  = L®  (F) . Let  us  consider  separately  of  two 

following  cases. 


1.  f/(  | + *»)  = h i=  S’1  (-  oo,  oo).  Let  us  introduce  into  exaaination  new 
spectral  sea  sure  with  spectral  density  ft.  It  is  obvious,  ft  =)gt|*, 
where  g,  * g/  (X  ♦ i)  <=  ek1* . Re  will  deaonstrate  that  i/g  e /."(F,). 
Renee  and  froa  theorea  3 it  will  follow  that  1/g,  and  also, 
therefore,  1/f  * 1/gg  essence  the  integral  functions  of  zero  degree. 
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On  the  basis  (4.1)  occurs  equality  L*1~  (F)  * L *’  (F)  0 L+(F), 

and  according  to  theorem  4 g/g  = 9 is  an  internal  function.  It  is 
understandable  that  in  that  case  0t  = <3x/qt  = 9 X-i/X*i  - also 


internal  function.  Let  us  consider  function 


<r  ■ 


L+(Ft) 


and 


«i  (A  + 0 

find  its  projection  on  L“  (Ft) . He  have,  considering  that  here  & 
the  projector  in  L (Fj)  on  L - (F*)  , 

CJi  I i ti  i 0 

& V * t~  nf!\V  = — n — -i--,  - =» 

8 1 * Si  Si  >.  + 1 


, _L  n X + i J_  _®1 


I 


Si  k — i B,  k + i £i  (A  — i| 


V 

since  _!—«,/  [ e/«  <*-<)</„  belongs  and  n J_  = _! 

k — i J k - i k - i 

— OO 

Page  76. 

Thus,  we  demonstrated  that  I /£  = ^(p e L+l~ (F,)  = /,° (F,). 

2.  /,  ^ _y'(- oo,  oo).  In  this  case  (see  §3)  space  L°  (F)  , and  also, 

therefore,  equal  to  it  L (F)  contain  only  the  constants,  dia  L** 

* 1.  Of  proven  below  theoren  6 it  follows  that  is  necessary  f * 
const/  1 ♦ X*. 

The  first  part  of  the  theoren  is  denonstrated.  Let  us  begin 
toward  the  proof  of  2-1  parts.  Let  1/f  (X)  = b (X)  there  is  the 
integral  function  of  kind  zero.  Let  us  demonstrate  first  that  L 1 = 
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L*  f)  L~.  In  accordance  with  theorea  4 for  this  it  suffices  to  show 
that  the  function  0 = g/g  is  internal. 

According  to  one  theorea  of  N.  I.  Akhiyezer  (see  [16],  of  page 
•567)  the  nonnegative  on  real  axis  function  b (X)  we  will  represent  in 
the  fora 

6(X)  = o>(X)w(X)  = |(o(X)|il, 

where  u (z)  and  u (z)  - the  integral  functions  of  kind  zero,  function 
w are  the  external  function  in  the  upper  half-plane,  which  does  not 
have  there  as  zeros,  and  w (z)  = w (?)  - is  external  in  lower 
half-plane.  But  then  g = 1/*»,  g = 1/5.  Let,  further,  - zero 
function  b (z)  , that  lie  at  Inz  < 0.  Por  la  z > 0 g/g  = 5/«  are 
analytic  function,  whereupon 

r 

~ <1.  10(1)1=1. 


|0(*)| 


I g(?) 
’!«(*) 


M (?) 
<»  (?) 


n 


The  last/latter  relationship/ratios  prove,  what  0 - is  internal. 

Wow  us  it  reaained  to  show  that  each  cell/eleaent  ^ 
are  the  integral  function  of  kind  zero.  Before  let  us  denonstrate 
that  # - integral  function.  Oa  the  strength  of  (2.4) 

cp(l)  = (D(A.)/t+(X)  = ®(l)/,'(A.), 

where/,*  e Coaeegnently,  # (V)  there  is  the  coaaon 
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boundary  value  of  functions  w (z)  h*(z)  and  w (z)  h " (z)  , analytical 
respectively  in  IB  z > 0 and  la  z < 0. 

Page  77. 

Let  us  deaonstrate  the  possibility  of  their  continuation  through  the 
real  straight  line. 

Lot  'P («)  = J <p (|) </|,  where  the  integral  is  taken  on  the  cutting 

6 

off  of  straight  line,  that  combines  points  0,  z,  a # (?)  is  either  u 
(?)  h + (p),  or  Z (?)  h”(5).  Punction  is  analytical  in  the  upper 

and  lower  half-planes. 

Por  function  /i+e<&J+ 

no 

J I h + (A.  + J |/i+  (A,)|Vi  = C,  < oo,  n >0.  (4.5) 

—on 

Therefore  with  all  a,ja|< 

a f ■ j 

J Upd  + iWIdx-J  |<D(i  + «'p)/i+(i  + 4»)|dp< 

^ max  | to  (a)  | Ya  C\n  ^ Cjc".  (4.6) 
i*l<« 


According  to  the  theoren  of  Peli  - Weiner 
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h+(z)=\e"uh(u)du, 

6 

h e oo,  oo),  lm?>0, 

so  that 

0®  \ l/J  

e-^'diij  . (4-7) 

Therefor* 

e e 

f |<r(o  + iplrfp-  f |oi(a  + »»*+(«  + 4l>lrf»l<c3‘’n  ' <4  8) 

o « 

For  alsost  all  X 

lim  A+  (X  + /j»)  = h*  (X). 

U -fO 

Page  78. 

Hence  and  froa  (4.6)  it  follows  that  and 

JI  + /M  K 

lim  { <r(!)d£”  [ <Pd)dl  (4.9) 

m « 

Integral  of  analytic  function  # (?)  in  terns  of  the  sides  of  triangle 
with  apex/xertexes  at  points  0,  z - X ♦ m.  X is  egual  to  zero.  On 
the  strength  of  (4.8)  and  (4.9) 


r 
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Analogous  result  is  accurate  also  for  z froi  lower  half-plane. 
Consequently,  function  is  analytical  in  the  upper  and  lower 

half-planes  and  is  continuous  in  an  entire  composite  plane.  Converse 
theorem  the  Cauchy-theoren  of  Borer  (see  f 18],  of  186)  they  will 
aake  it  possible  to  claia  that  OU?)  is  analytical  in  an  entire  plane. 
But  then  derivative  g>  (z)  „ <p  also  there  is  integral  function. 

To  us  it  reaained  to  consider  the  rate  of  growth  | g> (Re1*)  I R -*  On 
circunference  | z | = /?  | w (z)  |< CrerR,  | w (z)  |<  c,etR  **  concerns  functions  h* 
(z) , h " (z)  , on  Peli-Weiner*s  theoren  for  z - Rem,  0<6<n. 


h* 


Wi- 


at 

/ 


e,luh  («)  du 


< 


— 

2/?  sin  9 


It  is  analogous  on  z «=  Rein,  n < 0 < 2n. 


/ pj 

It  (z)  I < ]/  2 R | si'nOT  ‘ 


Therefore  with  large  B 


* 2r 


f lH+|f  (4.10) 


Page  79. 


On  the  basis  of  the  fornula  Poisson-of  Jensen  (see  f18],  of  page  456) 
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2n 

In  | q>(Re'°)  I = -J—  | ln|q>(p«,0)l^f 


p2  j 

p*  + R*  - 2ffp  cos  (a  - 0) 

, V In  Pi*-0”1  _ in'JL 

+ LlnTi^TT  ^ R' 


where  z^Rr10,  p >R,  sue  is  cosson  to  the  right  for  all  the  zero  a„^o 
functions  * (z)  , which  lie  at  circle  jzj^  P»  and  a,,,  - saltiplicity  of 
zero  # (z)  at  point  z = 0.  If  we  assuse  here  p = 2R  and  to  note  that 

In  f !/ ~ "“-L  < o,  we  will  have  on  the  strength  of  (4.10) 

I p*  — ««•?  I 

2n 

In  I q>  (to'®)  I < 4”  / ln+  | qp  (2Rpia)  | da  ^ zR. 

0 

Theorem  is  demonstrated. 

Theorem  6.  Let  the  spectral  measure  F be  absolutely  continuous. 
Space  L (F)  has  the  final  dimensionality  n in  that  and  only  that 

case,  if  spectral  density  be  rational  integral  function  X degree  2H 
for  processes  with  continuous  time  or  rational  integral  function 
degree  In  for  processes  with  discrete  time. 

Proof.  1.  f (t)  - process  with  continuous  time.  Let  din  L+l* 

(F)  ® n < -.  Let  us  designate  q>,.  any  base  in  L^  (F)  , and 

lot  - isometric  to  it  base  in  isometric  space  of  random 

variables  If  projector  on  H^is  designated  ff',  then  is  the 


correlation  function 
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B(<  + s)=  M|(0!(-  s)  = (£«),  6(-  *))- 

= (<?m  6(-s))-2c,(/)fo,.  6(—  *)).  '•  s>°- 


After  designating  (n/  £(-s))  by  P/is),  let  us  have 

n 

B(t  + s)=2ci(t)nl(s).  (4.11) 

Page  80. 


Further,  whatever  nuibtrs  o<(„<...  </,<«>,  randoa  variables 

«n</„) ^IVn)  linearly  dependent,  so  that  will  be  located  the 

numbers  on,  a an,  for  which 

2 a,B  (/,  + *)-  (2  a put,),  U- s))  s 0.  (4.12) 

Equalities  (4.11)  and  (4.12)  already  are  sufficient  in  orier  to  find 
the  correlation  function  B (t) . First,  relying  on  (4.11),  let  us  show 
that  B (t)  is  infinitely  differentiated  with  t > 0.  Let  us  select  n 
of  infinitely  differentiated  functions  g,  (s)  , ...,  gn(s)  with  carriers 


J B(t  + s)g,  (s)  ds^Vcj  (0  J g,  (s)  n,  ( s ) ds. 

0 10  * 

on 

The  left  sides  of  these  equalities,  equal  to  [ B(u)gi(u  — t)du,  are- 

/ 

infinitely  differentiated  on  t.  Therefore  are  infinitely 


inside  (0,-)  so,  in  order  to 


(4.11) 


i g,(s)n(s)ds  *0.  0n  th*  strength  of 


differentiated  everything  C/U),  bet  on  (4.11)  and  B (t) , t > 0.  By 
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differentiating  identity  (4.12),  we  will  obtain 

n 

^ a/ fl  (// + 5)  0,  u — 0,  1>  2,  ....  n. 

1-0 

Consequently,  it  is  possible  to  find  this  polynomial  P (z)  of  degree 
not  higher  than  n,  that 

P (-jjr-j  B (s)  •=  0,  s > 0.  (4.13) 

Hell  known  (see  [21],  page  58)  , that  the  fundamental  system  of 
the  solutions  to  eguation  (4.13)  compose  the  functions  of  the  form 

/'*/?,  (s) ek*’Rk (s).  (4.14) 

where  all  numbers  */  are  different,  t fl/($)  - the  polynomia  Is  of 
degree  n.-i,  whereupon  «i  + •••  + "»  are  a degree  of  polynomial  P 

($  n)  . The  correlation  function  B (s)  - the  solution  to  eguation 
(4.13)  - is  a linear  combination  of  functions  (4.14). 

Page  81. 

According  to&ieana  - Lebesgue's  theorem  with  s -#  - 

ee 

0(s)-  | eIKtf{k)  dk-+0, 

— no 

so  that  ewerything  RcA,,<0.  Finally,  B (s)  * B (-s)  for  s < 0. 


Direct  calculations  give 
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■_),  (4.15) 

0 1 

where  Rf  is  rational  degrees  not  above  2n*  Therefore 

oo 

J e~iK,B{s)ds 

— oo 

- the  rational  integral  function  of  degree  is  not  above  2n. 

In  order  to  ascertain  that  degree  f in  accuracy  is  equal  to  2nv 
sufficient  to  demonstrate  the  second  part  of  the  theorem:  if  f is  the 
rational  integral  function  of  degree  2n,  then  dia  (P)  ^ n. 

This  last/latter  assertion  is  well  known  in  the  theory  of 
forecast/prediction  (see  f22],  of  page  174).  In  order  to  demonstrate 
it,  is  decomposed  rational  integral  function  f (X)  into  the  sum  of 
common  fractions  I /{k,±ik)a,  He *.,>(),  but  integer  a does  not  exceed 

multiplicity  "/  the  con  jugated/combined  poles  ± 'V  By  applying 
Fourier  transform  to  (4.15),  let  us  find  that  the  correlation 
function  B (s) , s > 0,  again  is  a sum  of  the  functions  of  form  (4.14) 
and,  which  means,  of  B (s)  there  is  a solution  to  the  linear 
differential  equation  of  fora  (4.13)  of  degree  not  higher  than  n.  Any 
n ♦ 1 solutions  B (t0  ♦ s) , ...,  H UH  + s),  /,  >0,  equations  (4.13)  are 
linearly  dependent,  so  that  will  be  located  the  numbers  o,,  for  which 
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+ s)  — 0,  s>0. 

Bat  then  and 

(Sa/^6  (/,).  I ( - «))  - 2 a,  (|  (/,),  £(  - *) ) = 21  + s) - 0 

n 

with  all  s > 0,  therefore,  i.  e.,  any  n ♦ 1 vectors  froa 

. i » 

H*r  (froa  L*  } are  linearly  dependent. 

Page  82. 

The  case  of  continuous  tine  is  disaantle/ selected  to  end. 

2.  £ (t)  - process  with  discrete  time.  Proof  siailarly  to  that 
which  was  given  is  above  and  even  soaewhat  siapler.  Equality  (4.12) 
occurs  as  before,  but  now  here  ti  and  s are  integers.  Let  us 
deteraine  operator  & the  taking  of  difference  by  equality  AB  (s)  = B 
(s  ♦ 1)  - B (s)  . Proa  (4.12)  it  follows  that 

n 

2fl,A*/?(/,  + s)  = 0, 

0 

whence  escape/ensues  the  analog  of  equation  (4.13)  - difference 
equation: 

P(\)  D (s)  = 0.  (4.16) 


Proa  the  theory  of  such  equations  * it  is  known  that  any  solution  to 
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equation  (4.16)  is  the  linear  coabination  n of  the  linearly 
independent  fundaaental  solutions,  which  have  as  before  fora  (4.14), 
only  this  tine  in  (4.14)  s - whole. 


FOOTNOTE  ».  See,  for  exaaple,  [7].  ENDFOOTNOTE. 


Further  reasonings  coapletely  analogous  to  those  which  were  used  with 
the  analysis/selection  of  the  continuous  case,  and  we  then  lower. 
Theorea  is  deaonst rated. 

This  theorea  explains  sufficiently  well  that  role,  which  the 
rational  spectral  densities  play  the  theory  of  forecast/prediction. 
Let  f (X)  - is  rational  function  X (or  r'1)  the  degrees  2n«  It  it  is 
possible  to  register  in  the  fora  / -=  j j*.  where  q and  P 

- the  polynoaials  of  degree  with  respect  to  n and  n,  4 n - 1.  It  is 
not  difficult  to  show  that  in  the  case  of  processes  with  continuous 
tine  the  base  of  space  L ' fora  functions  , s = 0,  l n - I,  and 

in  the  case  of  processes  with  discrete  tine  - function  ;=i 

n(,a) ' ' 

In  particular  (this  follows,  however,  and  froa  theorea  5),  L*'~  = 

L°,  only  if  P are  const. 


Page  83 
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Let  as  note  that  even  if  not  to  assune  the  spectral  leasure  P 
absolutely  continuously,  ve  nevertheless  will  obtain  that  the 
correlation  function  B (t)  is  a su»  of  functions  (4.14),  but  now 
possible  that  for  som  *r  ReA.,-0(of  course,  for  these 

A,R,(s)=^ const i.  The  transformation  of  the  Fourier  function  eV.  ReA.,-0. 
is  6-neasure  with  load  at  point  1,.  After  recalling  p.  1 
theorems  1,  2,  we  we  will  obtain  the  following  comaon/genera 1/total 
assertion: 

dim  L+ 1 ~ (F)  — n <°o 

in  that  and  only  that  case,  if  f = f„  + F,.  share  the  derivative  of 
absolutely  continuous  part  F'a  there  is  rational  function  degree 2n,, 

and  singular  neasure  F,  is  concentrated  in  n*  different  points,  nt  * 
n*  * n. 

85.  Structure  of  w-algebra  of  events  % (T) . 

In  this  paragraph  we  will  show  as  sone  results  relative  to 
subspaces  H (T)  (or  isometric  with  it  subspaces  Lr(F))  they  give  (in 
the  case  of  Gaussian  processes)  to  theorens  relative  to  •- algebra  ’Un- 
Other  results  in  this  direction  are  contained  in  chapter  IV. 
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Let  as  turn  to  relationship/ratios  (4.1)  and  we  will  try 
ourselves  to  seek  the  analogs  for  these  relationship/ratios  and  other 
results  §4,  expressed  in  the  language  of  v-algehra  '?l (T).  It  is 
understandable  that  to  space  H~  = H (--,  0)  (or  isonetric  to  it  to 
space  L~(P))  corresponds  to  0-algebra  of  events  '«"=?l(-oo,  0),  to 

space  h (0,  -)  w-algebra  '?(*  = (0,  <»),  to  space  n('^C]ll  (-/,/)« |")  H (0,  0 

/>0  «><• 

- 0-algebra 

I > 0 

4 I - -r|  — 

Wore  complexly  is  matter  with  analog  for  space  H 1 (or#  that  L 
(F) ) - by  projection  in  H of  subspace  H+on  H . Preliminarily  let  us 
introduce  the  following  concept.  Determination  *:  splitting  0- algebra 
at  point  t for  a process  5 (t)  is  called  any  0-algebra  ?0's?[(-oo,  l), 
relative  to  which  the  past  process  <)l(-oo,  Hand  the  future  ?((/,  00)  are 
conditionally  independent,  i.e.,  for  any  a e ?l  (-  00,  t),  B e 91  (/.  °°) 

P \AB  I ?('/')  = P {/i  | 9i]n}  P j/j  | yij0). 


POOTMOTE  >.  Term  "splitting  0-algebra"  introduced  Hckean  (H  P Hckean, 
Jr.#  Brownian  notion  with  a several  dimension  tine#  is  theoretically 


probable#  and  its  use.  8 (1963)#  357-378;  see  also  the  cited  on  page 
62  article  of  Levinson  and  Hckean) . 
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Page  84. 

It  is  not  difficult  to  comprehend  that  splitting  «-algebra  at 
point  t always  exists;  for  exanple,  such  will  be  v-algebra  '.'i(-oo,  I). 
It  goes  without  saying  that  interest  represents  aininun  splitting 
•-algebra  at  point  t (below  we  let  us  demonstrate  that  she  always 
exists).  Por  example,  for  Harkov  processes  minimum  splitting 
•-algebra  at  point  t is  v-algebra,  generated  by  random  variable  5 
(t). 

Por  stationary  in  narrow  sense  processes,  in  particular  for 
stationary  Gaussian  processes,  it  suffices  to  examine  only  splitting 
•-algebra  at  point  by  0.  Hiniaun  splitting  «-algebra  at  point  0 we 
will  designate  am  it  follows  from  the  following,  precisely,  this 

•-algebra  and  there  is  a natural  analog  of  space  . 

Theorem  7.  Lst  f (t)  be  a stationary  Gaussian  process  with  the 
spectral  measure  P (d\) . Always  they  occur  of  the 
connect ion /inclusion 

=Tfl“  =>9rn?r  =2?in.  (5.1) 

Por  any  of  the  signs  3 in  (5.1)  can  be  replaced  with  equal  sign  in 
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that  and  only  that  case,  if  it  is  possible  to  replace  with  the  equal 
sign  of  sign  which  stands  on  corresponding  place  in  the 
relation ships 

H~  S//+l_  3 W"n//+ 3//°  (5.2) 

or,  which  is  the  saae  thing,  in  relationship/ratios  (4.1): 

L~  (F)  3 /.  + l'  (F)  3 IT  (F)(]L*  (F)  3 L° (F). 

Proof  let  us  begin  froa  research  of  the  coaaon  properties  of 
splitting  •-algebra. 

Leaaa  3.  Let  ( (t)  be  an  arbitrary  randoa  process,  VI  = VI  (—  oo,  0), 

oo). 

Page  85. 

Then: 

1)  vr  there  is  splitting  w-algebra  (at  point  0)  ; 

2)  if  VI,  he  splitting  ^-algebra,  and  event  flef,  then 
P{0|ir}-P{fl|H,}; 


3)  if  *i  is  splitting  «-algebra  and  9ra9t,a9i„  then  vi2 


also 
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solitting  9-algebra; 

4)  if  9-algebra  ?i,,  ?(2  - splitting,  then  splitting  it  is  also 

9- algebra 

5)  there  is  ainiaua  splitting  9-algebra  <H+I~; 

6)  always  ?(+i- ^ <j(+ p ?(- 


Proof  of  lenna.  Let  us  designate  through  the  indicator  of 

event  A,  i.e.. 


X*  = Xa  (w)  = 


0, 

1, 


co  0 A, 
u>  e A. 


1)  On  the  strength  of  the  properties  of  conditional  aatheaatical 
expectations  for  /TeH",  fle?l+  ••  have 

P [AB\  ?r|  = M ix4  • Xfli  «"|  - Xa  • M (xfl  I*- ! = 

= M (x,  I*-)  M (x«  I *~|  - p {a  I *■ ) P {/?  | * -}. 

2)  Regarding  that  which  split  9-algebra  ?iiCZ'>r,  so  that  randoa 
variable  P{/?  |j|tj  aeasured  relative  to  ?i~.'  Therefore  it  suffices  to 
deaonstrate  that  the  integrals  of  randoa  variables  M {xb l ^ in 
terns  of  any  aultitade  /l  sir  coincide,  and  to  exile  to  Radon  - 
Ricodeaius'  theorea.  Ve  have 
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| M lxal»")  dP  = M (Xa  • Xb)  - M {M  {X,t ' Xfl  1 91 ) - 
A = M {M  {x„  I * .)  • M (X«  1 91 .) ) - M (X,,  • M (X«  I ?l  i) ) = 

= J M {X* I «->^P 

A 

3)  Let  A s ?(“,  fie  ?l\  Since  to  both  part  of  the  predicted 
equlity  M{Xa  x«I'«J=M{x/,I1JI*}x  M[xb\%)  ■••sured  relative  to  is 
sufficient  to  again  demonstrate  that  coincide  the  integrals  of  then 
in  terns  of  any  multitude  C <=  W2. 

Page  86. 

on  the  basis  p.  2)  M (xB  |H,}  -=  M lx»  i?l'}  »na#  therefore,  M (%n  | ?i|}  = M (Xn  • '**  2)  • 

Therefore 

j M (x^Xfl  I 91?)  rfP  M [XaXbXc)  = 

-M{M{x,Xcl?l,r  M{x„l  «,}}- 
= M {M  {M  {x^Xc  I • M {Xfl  I WU } = 

= M{xcM{x/,|?l2}.M{Xfll?(2}}  = 

= J M {x^l  91.)  * M {x*l  «*>  rfP 

c 

4)  Let  us  note  first  that  for  any  randon  variable  ; (M;  = 0,  M|J;|2<oo) 


\ 
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occurs  the  equality 

M{C|9l,n«j}  = M{IVI{...  M{;i?l1}|9lJ}|K1  (5.3) 

Actually,  let  us  consider  hilbert  space  H all  raadon  variables  with 
zero  average,  final  dispersion  and  scalar  product  (’ll.  n?)  *=  By  H„  i=  1,2, 

let  us  designate  the  subspaces  H,  which  consist  of  those  values, 
which  are  aeasured  relative  to  Then  the  operators  <?\  = M { • i 91,) 

essence  projectors  in  II  on  H,.  The  left  side  of  equality  (5.  3)  is  a 
projection  £ on  //,  f)  ll2,  right  side  is  the  result  of  the 
application/use  to  5 of  an  operator  lim (^>yTl)n,  equal  to  projector  on 

n 

h , n Hi 

Let  now  a f=«“,  Then 

M (x,x0l  'Jl,)  = M{X/,  I '-’U-.MfXfl  I*,}.  (5.4) 

on  the  basis  p.  2)  and  equality  (5.3) 

M {Xfli  «|  n«j)  - lim  M {M  {M  {. . . M (xgl  ?l,}l  %,}  . . .)  = 

n ~ ■— 

n paj 

Therefore,  if  we  use  to  both  parts  of  equality  (5.4)  operator  M { • I ?l|  (1 '■Nj). 
we  let  us  find 

M [XaXb I *1  n «»)  - M {x,M  (X. I «,}  I «,  n **)  = 

- M (Xa  I n • M (x«  I BiD*,}.  (5.5) 

Page  87. 


5)  On  the  basis  p.  1)  nany  all  splitting  v-algebra  are  not 
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empty.  Let  fl*1*  there  is  an  intersection  of  all  splitting  e-algebra. 

Let  us  demonstrate  that  vi there  is  split  and,  therefore,  minimum 

splitting  e-algebra.  On  the  strength  of  p.  2)  all  the  probabilities 

P(fl|9l,}.  fle=9l\ 

„ where  /,  a 91,  - arbitrary  splitting  e-algebra,  they  are 

indentical  and,  which  weans,  are  egual  to  P(/?|9l  + l_|.  After  taking  of 
both  parts  (5.4)  conditional  mathematical  expectation  under  condition  71 + 
let  us  find  analogously  to  (with  5.5) 


M (x.Xfll  * H")  = M M ix„l  **'’). 

i.  e.  is  splitting  e-algebra. 

6)  Relationship/ratio  ?l,|'3rf|!lt  is  obvious.  Lena  is 
demonstrated. 

Lemma  4.  Let  C (t)  be  a stationary  in  the  narrow  sense  of 
stochastic  continuous  process;  then 

91  H~  a9l  + D?<“  = 9ln.  (5.6) 

Let  us  demonstrate  first  the  left  connection/inclusion.  Let 
fle9T  n?r  3i»ce  ?t+' — splitting  e-algebra, 

P (S|  9l4l_)  = P (flflj  9l  + l~)  = (P  (B|9l‘,-|)2. 

This  equality  means  that  the  random  variable  Pj/?|9l4,~)  takes  the 
only  two  values:  0 and  1.  Lot  a - (to:  P (Hi  9i  + l~|  = i),  and  let  A there  is 
addition  A.  It  is  understandable  that  /le9l+l-,  /ie=9i‘'~.  Therefore 
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I ' 


j P (fl  |9l+l”)  rfP  = P{AB)  «*  P{/1). 

A 

j p [b  | 9(+l_)  rfP  = P {An)  = o. 

j 

On  the  basis  of  these  equations  B differs  froi  A not  aore  than  by  the 
event  of  probability  zero,  so  that  it  is  possible  to  count  = 


i 
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Let  as  pass  to  the  proof  of  right  connection/inclusion  (5.6). 
Let  as  assase  ==  p|?U0,  t ),  '.’l0' = Q'H (- <,  0).  It  suffices  to  demonstrate 

f > n i > o 

that  ?ln+  = ?in  -=  VI Stochastic  continuous  process  f (t)  generates  the 
group  of  the  retaining  the  probability  transforss  T'  = TA,  /les'Ji  (- «>,  oo), 
which  in  turn,  assigns  the  group  of  the  continuous  unitary  operators 
* U‘  on  H 


FOOTNOTE  ».  See  [22],  page  206-211.  ENDPOOTNOTE. 

Let  now  A be  any  avent  fros  '?l°.  It  is  obvious,  r'Ae?l(0,  0.  Let, 
further,  <1(0  there  is  an  indicator  of  event  T'A.  It  is 
understandable  that  ii(/)  = t/'x„  there  is  a stationary  continuous  on  the 
average  quadratic  process.  Therefore 

iim  M I »1  (o  - n (0)  I2  = o. 


For  all  t > 0 randos  variables  i\(t)  are  seasurable  relative  to  (0.  0. 
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and  therefore  u(0) 


proven,  that  n (0) 

A e=  H°~ 

A and  ?i°-«0+  = ?in 


is  measurable  relative  to  ')in+ . Analogously  it  is 
is  seasurable  relative  to  Consequently,  /ie=?[n4. 


noting  nov  that  left  connection/inclusion  (5.1)  is  trivial,  we 
see  that  together  with  lemma  4 is  demonstrated  the  first  part  of  the 
theorem.  It  regained  to  explain,  when  in  (5.1)  they  can  occur  of 
equality.  For  this  purpose  we  will  demonstrate  several  lemmas 
relative  to  conaun icat ion/connections  between  v-algebra  '<M(7j  and 
spaces  H (T)  . Let  us  agree  by  means  /i(E)to  designate  minimum 
•-algebra  of  events,  generated  by  many  random  variables  5.  thus,  for 
instance,  ?( (7j  — A (£(/),  > e 7j.  it  is  obvious,  further  that  VI"  «=  A (H~). 


Lemma  5.  For  a stationary  Gaussian  process  minimum  splitting 
•-algebra  is 


proof . Let  us  demonstrate  first  that  ?l+l“  3 A (// 1 1_).  Let  us 
designate  by  the  projector  in  H (-•,  -)  on  H.  It  is  clear 

that 

Page  89. 


Random  variable  € (t),  t > 0,  can  be  approximated  as  conveniently 
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qood  on  the  average  quadratic  by  the  linear  coabinations  of 
indicators  X/?.  /ieV.  Therefore  on  the  basis  p.  2)  leaaa  3 


,9*1(0  = M (|(0I  ,l”)  = M (KOI 

Consequently,  all  cell/eleaents  of  space  If"  are  eeasurable  relative 
to  and  A[lt 


Let  us  shoe  non  that  A(n"~)  splits  e-algebra  9l  + , 91".  Siace  9l4|“ 

- ainiaua  splitting  e-algebra,  hence  and  frca  previous  will  follow 
that  9(>l_  = A (//"”).  Let  Xa~  be  an  indicator  of  event  de=9i“;  let  the 
randoa  variable  -rj,  aeasurable  relatively  ?i\  representable  in  the 
fora  of  product  »i  mm , where  randoa  variable  m is  aeasurable 

relatively  A(ll"~),  and  randoa  variable  m-  is  independent  of 
w-algebra  9i~.  Let  us  deaonstrate  that 

m (x.,nl  d(//H~)l  - m \u\ a(h"~))  ■ m Ui  Ain"') |.  (.r>.7i 

Actually, 

M |y.,,ni  a(ii"~)}  -niM  (xviil  /i(//+l*)} = 

= m In,  /i (//*'“))  • m [Xa  m (n2i?r)  | Ain  * !~)|  - 
“M  (ml  • Mm  - M (X„|  /i(7/4,~)| 

-M(n,n-.-M (//*■'"))  • M lX4 1 /il//41  'i| . 

Arbitrary  raadoa  variable  t (t) , t ^ 0,  can  be  registered  in  the 
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fora  of  sub  5 (t)  = *jt  (t)  ♦ >7*  (t)  , where  random  variable  »ii (/) = M U(/) 
|'t  )e//'  and,  which  leans,  is  aeasurable  relatively  A(ll"~),  bat 
random  variable  i\t  (t)  is  orthogonal  H Orthogonal  Gaussian  values 
are  independent,  so  that  (t)  does  not  depend  on  all  values  from  ll~, 
and  also,  therefore,  on  v-algebra  VP. 

Page  *>0. 

Let  nowQ  = Q<&(M ^(/nt)-be  an  arbitrary  polynoaial  of  values 

....  5. (/„>.  /,> 0.  Becord/vriting  each  value  l(U)  in  the  fora  of  bub  *ii + Tta(M. 

we  let  us  will  be  able  polynoaial  itself  Q to  rewrite  as  bag  of  fora 

2Cf  where  each  {,-» li,  • n?/.  m/  i«  measurable  relative  to  A(H*'~),  a*J  n?, 

1 

does  not  depead  on  ?P.  On  the  strength  of  (5.7)  for  any  such 
polynomial  Q 

Mlx^QM(W  + l~)}“ 

- M [*„!  A(H+'~)}  • M (C7!  /1(//+,")|.  (5.8) 

Let  now  B be  an  event  from  9l+.  As  proved  in  §5  chapter  I,  any 
aeasurable  relatively  ?l  + random  variable  with  the  final  dispersion, 
in  particular  random  variable  Xn ■ is  a liait  on  the  average  quadratic 
polynoaials  Q above  fora  indicated.  On  the  basis  (5.8) 

M it  a • Xb\A(H*'-)  I « M IxaI  A(Hh~)I  ■ M (xb  I A (//*'-)} , 
i.e.  A (//*'-)-  splitting  w-algebra.  Leans  is  denonstra ted. 

Lenaa  6.  For  the  stationary  Gaussian  process 

*'  n*~-A(//+n/r). 
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It  suffices  to  demonstrate  that  for  any  polynonial  P of  the 
random  variables  £(M £</„) 

m |pi?if  n?r)  = m (pi  a(h+  n //“)}.  (5.9) 

Let  us  prove  this  equality  by  induction.  For  n * 1 P = € (t)  there  is 
a cell/elenent  of  space  H (-•,  -) . Further,  it  is  analogous  to  (with 
5.3),  for  all  r anion  variables  M;2<oo,  occurs  the  equality 

= liinM|M(...-M)c|9l  + )|9r)  (5.10) 

i ,n ' 

in  tint |«s 

It  is  obvious,  91 f = A[ir),  •>“  ■"  A(H~),  so  that  if  h be  cell/elenent  H 

(--,  •)  , then  » M {/» | 9l  + ) e=  /;*  c:  //(-c®,  oo). 


FOOTHOTE  *.  See  §5  chapter  I.  EHDFOOTHOTE. 


Page  91. 

M (/i|9l-n?l+)  e H ( — oo , oo) 

Hence  and  from  (5.10)  it  follows  that  also'  ~ for  all 

h €=  //(-oo,  oo). 

/\  Since  random  variable  M { /» I (191  ) is  measurable  relative  to  ?r, 
it  belongs  H~\  in  exactly  the  seme  manner  M ( A | ?l ~ f|9i+}  e=  H*.  Thus, 
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equality  (5.9)  is  proved  for  the  polynomials  of  the  first  degree. 


The  regaining  part  of  the  proof  is  sinilar  to  reasonings  §5 
chapter  T.  Let  us  assune  that  equality  (5.9)  is  proved  for  all 
polynomials  P of  degree  not  higher  than  n — 1,  n >,  2,  and  let  us 
demonstrate  it  for  the  polynomials  of  degree  n.  It  suffices  to 
consider  polynomials  P of  form  6(*i)  • • • SU„).  Let  us  agree  to  designate 
through  ^ + , operators  M{-|91+),  M { • 1 9t - } (these  operators  they  are 
projectors  in  H on  H*,  H~  respectively).  If  + + 

that  all  random  values  m (/,>  are  orthogonal  H + and,  which  means,  are 
independent  of  9l+.  Ve  have  (see  §5  chapter  I) 

M (P|  ?l  + ) = Ui)  ...  I 

where  Q,  there  is  a limit  on  the  average  quadratic  the  polynomials  of 
deqree  not  higher  than  n - 1.  By  set/assuming,  further,  £■  (/,)  + tj,  (f,) 

^ we  will  obtain  that 

M {&.(/.)  ...  ||  (O  + Q|  I »")  - |,(/|)  ...  h<l„)  + Q?, 


where  again  q2  there  is  a limit  on  the  average  quadratic  the 
polynomials  of  degree  not  higher  than  n - 1.  By  continuing 
analogously,  let  us  find  finally  that 

M {P|  91 + n 7t-}  — 

= ]l(...  *&(/,))  + <?- 11  m h (/,) i ?if  n ?(']-(  q- 

(-1  (-1 

n 

- II  M •))  + Q. 
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Leuua  7.  For  the  stationary  Gaussian  process 

Proof.  It  is  obvious,  9ln3/1(//n).  Reversal  is  proven  just  as  in 
leuaa  6.  Specifically,  by  induction  according  to  the  degree  of 
polynoaials  P of  IV ,)  •••!(/„)  it  is  proven,  that  for  any  polynoaial 

M{P|9l°)  = M{P|  AW")).  (5.12) 

• Pros  the  last/latter  equality  already  follows  the  validity  of 

equality  (5.11).  Induction  passage  of  n - 1 to  n is  realized  by  those 
sethod,  as  in  lema  6.  Therefore  we  only  will  demonstrate  equality 

: 

I ; 

• 1 _ r._  _ . . . - ------ - 4 

i 
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(5.12)  for  the  polynomials  of  the  first  degree.  Let  P = h <=  //(-<»,  oo). 

Then  all  randoe  variables  M {/i  1 9(  (0,  I In))  and  their  liaits  on  the  average 
quadratic  M{/i|9(0}  essence  the  cell/e  laments  of  space  H (-• , •)  , 
Further,  since  all  values  M [h  I 91  (0,  s)),  s < t,  belong  to  space  H (0,  s)c  H (0,  /), 
that  and  A({/i|9i°}  belongs  by  all  H (0,  t) , i.e.,  M {/i | 91°) «=  H°  and, 
which  means,  M {/» | ?l°)  = M {/i  | A(Hn)).  Lenaa  is  demonstrated. 

With  the  help  of  lemmas  5-7  second  part  of  the  theorem,  which 

concerns  the  conditions  of  equality  in  relationship/ratios  (5.1),  is 

proven  immediately.  Let  us  demonstrate  for  a definition  that  ?l+l~  = ?i" 

in  that  and  only  that  case,  if  //H'  = //°;  other  cases  are  examined 

analogously.  Let  //+'~  - //",  then  on  the  basis  of  lemmas  ?l+l"  = A (//+l~)  = 
= A (//n)  = ?lnv) 

TTSEversely,  let  //+ . =?fc  //".  Then  // v zdII  there  is  a random  variable 

he 

/)  which  is  orthogonal  to  space  H°.  On  the  strength  of  Gaussian 
nature  of  random  variable  h is  independent  of  all  values  from  H,  and 


also,  therefore,  of  w-algebra  A{H°)  = ^n-  Therefore  event  {/i  < 0}  s=  A (h 


_ mi +i- 


does  not  depend  on  v-algebra  ?('’  and  cannot  belong  to  it.  Theorem 
is  demonstrated. 


The  results  of  the  previous  paragraph  together  with  recently  the 
demonstrated  theorem  make  it  possible  to  express  in  the  spectral 
terns  of  the  conditions,  under  which  in  (5.1)  instead  of  the 
connection/inclusions  they  occur  of  equality. 
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For  example,  let  5 (t)  - stationary  Gaussian  process  with  spectral 
density  f (X),  then  w-algebra  91°  coincides  with  ainiaua  splitting 
•-algebra  ?i  + l in  that  and  only  that  case,  if  1/f  (X)  there  is  the 
integral  function  of  zero  degree.  Appropriate  to  note  also  that  the 
randoa  process  € (t)  is  Harkov,  if  with  all  t ainiaun  splitting 
•-algebra  at  point  t coincides  with  the  algebra,  generated  by  randoa 
variable  £ (t) ; therefore  the  process  £ (t)  is  Harkov  then  and  only 
then,  if  1/f  (X)  there  is  a polynomial  of  degree  2 (and  a-coaponent 
Harkov,  if  1/f  (X)  there  is  a polynomial  of  degree  2a). 
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Chapter  III. 

EQUIVALENT  GAUSSIAN  DISTRIBUTIONS  AND  THEIR  DENSITIES. 

61.  Soae  preliminary  observations. 

1.  Introduction.  Let  6 = 6 (t)  be  a Gaussian  random  function  of 
the  parameter  t s T with  values  6 (/)-!(».  t),  oeu,  on  arbitrary 
probability  space  (£2,  «,  P).  Let  us  consider  that  #-algebra  “I  is 
generated  by  all  values  ? (t.)  = f («,  t)  on  0 (parameter  t passes  set 
T)  , so  that  the  probability  measure  P in  v-algebra  '?l  = ?u  is 
Gaussian. 

P,  - be  another  Gaussian  measure  in  v-algebra  K ». 

FOOTNOTE  *.  It  is  aore  precise,  measure  p,  is  such,  that  the  randoa 
function  f (t)  on  (a.  «,  p,)  is  Gaussian.  EMDFOOTHOTE. 
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It  is  called  absolutely  continuous  relatively  P.  if  P,(/1)  = 0 with  P(/i)«=o, 
e '■ 1 • As  is  known,  absolutely  continuous  aeasure  P,  is 
representable  in  the  forn 

P,(/<)-  | />  («)  P (rfw),  Aefl,  (1.1) 

A 

where  p (w)  the  deternined  nonnegative  function  on  Q,  called  density 
and  designated  r(u>)  =*  P,  {dm)/P(dm).  Measures  P,  and  P are  called 
equivalent,  if  they  are  autually  absolutely  continuous.  Measures  P, 
and  P are  called  orthogonal,  if  there  are  the  nonintersecting 
■ ultitudes  A and  /l,e?l  (called  the  carriers  of  the  corresponding 
measures  P and  P,).  for  which 

P\/l)=l,  PM,)-0 

and  (1.2) 

P,M)-0.  P,  (/,)-!. 
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Absolute  continuity  seans  that,  whatever  e>0.  will  be  located 
such  6 > with  0 that 

P.Ml^e  With  PM)<(S  VI., 1) 

for  all  /I  <=  This,  for  exanple,  issediately  follows  fron  the 
inequality 

P,  (/I)  - J p <o>)  P(dm)  < \P  M)  + J p («,,)  P (dm) . 

* iPlnill  > N 

I 


I 
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where 

J p («D)  P (rfW)  < * 

I p («)  I > N 1 

with  sufficiently  large  N,  so  that,  for  exaaple,  P|M)<e  with 
PMXe/(2yV). 

I 

Any  weasure  P,  representable  t in  the  fora  of  the  sua  of  the 
orthogonal  aeasuras  P;  and  P"  froa  which  P;  is  orthogonal  in 
aeasure  P.  an<J  P,  is  absolutely  continuous  relatiwely  P. 

FOOTNOTE  «.  See,  for  example,  [8],  page  111.  ENDFOOTNOTE. 


Accordingly 

P,  (/l)  = P{(/1)  + J p"  (to)  P (</©),  (|.4) 

A 

where 

Pn  (m)  =»  P"  (d<o)/P  (dio). 

Let  us  note  that  the  measures  P aad  P,  are  orthogonal,  if  for 

certain  sequence  of  sets  /l.  ell,  it- I,  2 are  falfilied  the 

relationsh ip/ratios 

limP(/l.)  = 0.  lim  P,M,)=  |.  (1.5, 

*1  oo  f|  -S  no 


I 

j 


; 


i 
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This,  for  example,  follows  from  the  fact  that  for  nonorthogonal 
•easures  P"(U)>0  and  P[(Q)<1,  and  therefore  under  condition  limP(/1„)  = 0 

n~¥  oo 

we  have 


lim  P,  ( A„ ) 

rt-P  oo 


lim  p; (/!„)+  lim  P"(/l„)- 


“ lim  P;(4,)<P;(U)<1. 

n-+oo 


Page  96. 

In  the  different  regions  of  the  theory  of  randon  processes  and 
Mathematical  statistics,  information  theory,  etc.  do  arise  the 
questions:  when  the  assigned  measures  pi  and  P are  equivalent  (or 
orthogonal)?  as  to  compute  density  />(io)=»P,  (rf»)/P(rf(o)  equivalent 
measures?  as  to  clearly  describe  the  nonintersecting  "carriers"  of  A 
and  At  orthogonal  measures? 

Obviously  (see  §2  chapter  I),  during  the  solution  to  the  placed 
above  questions  it  is  possible  of  Gaussian  measures  P(r/to)  and  P| (rfw) 
in  the  initial  space  Q to  pass  to  the  appropriate  Gaussian 

distr ibetions  P(rfr)  and  Pi(</a)  in  the  containing  all  trajectories 

£ («>.  • ) «•  J (»,  /) 

^ function  space  (AT,  the  real  functions  x = x (t)  of  the 
parameter  f e V>  where  v-algebra  V is  generated  by  all  cylindrical 
multitudes  of  this  space  (see  forsnlas  (2.1)  - (2.3)  chapter  I). 
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Specifically,  always  it  is  possible  to  pass  to  probability 
distributions  P and  Pi  in  space  A'  = Rr  all  real  functions  x = x 
(t)  of  isr, 

I 

Por  any  values  T = <r <a*)  on  X,  measurable  relative  to  «-algebra  2\ 
value  Ti-'r(s(w.  • )|  on  Q will  be  Measurable  relative  to  «-algebra  91; 
in  this  case  for  the  integrated  value  = <r (,['>  that  which  is 

integrated  will  bs  value  >j,  whereupon 

I* 

| <p  (.v)  P (dx)  = i r-j  [E,  (to.  • )|  P (f/ai)  = Mi;.  (1.6) 

,v  u 

Moreover,  in  the  case  of  a Measurable  Multitude  ? (0)  any 
measurable  value  u representable  in  the  forn  n = <pf£(w-  • )|.  where  q-”<T<v) 
is  certain  Measurable  value  on  (A,  D). 


Actually,  as  noted  in  § 2 chapter  I,  any  Multitude  A is  prototype 
with  representation  $-g(m,  • ) from  Q in  X:  /!={£<=  «},  where  B,  certain 


Multitude  fros 
a Value 


•-algebra  V.  Therefore  for  any  Measurable  Multitudes 
’1  = ~ CkXAk  (»)  (where  Xa~  an  indicator  of  set  A,  i.e., 
and  with  m&A)  representable  in  the  fora 


* " 


Page  97. 


<o  S U) 

Any  Measurable  value  n~n(«>)  is  (unifora  on  ^ the  liait  of  values 
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“?»[(!  («>.  •)! 

^ the  for*  indicated.  It  is  obvious,  n = ,pl£(«>.  • )l.  where  the 
function  <r  = <p(c)  on  a eeasurable  multitude  5 (Q)  is  defined  as 
(unifore  on  .vf=|(i2))  the  limit  appropriate  functions  <r„  = <r«  (*)■ 

Proe  equality  (1.6)  it  escape/ensues,  in  particular,  that  if  p{x) 

=■-  P,  (dx)/P(dx)  - density  of  distribution  P,  and  P,  that  />(£(<».  • )]  = P|  (t/<a)/P  (</<o) 

- the  density  of  the  initial  probability  aeasures  on  space  Q, 

since  any  multitude  A e.'Jl  representable  in  the  fora  A =-(£ <=  /(}.  where 
n e=  'l\ 

^ and  according  to  (1.6) 

Pi(fl)=  J n(x)P(dx)=  I p (E. (<o.  • )|P(dw)«.P,(/l|. 

B A 

Let  us  note  that  the  equivalent  random  functions  S (t)  and  5 (t) 
have  one  and  the  same  probability  distribution  in  the  appropriate 
function  space  .Y so  that,  for  example,  if 

5(0),  /)=»i(to,  /)  (1.7) 

for  almost  all  men  (relatively  PW co)  and  P^rfw)).  then 

probability  measures  P(dta)  and  Pi(dio)  in  v-alqebra  < are 
equivalent  or  orthogonal  when  and  only  when  this  sane  property  they 
possess  in  v-algebra  Hi  (generated  by  values  !(/),  I «=  T). 

In  connection  with  condition  (1.7)  it  is  worth  saying  also  that 
addit  ion/coapletion  * »-algebra  and  ?(f  by  the  sets  of  measure  0 
(relative  to  equivalent  P and  P>)  it  is  one  and  the  same  v-algebra  V, 
whereupon  the  density  p (»)  - P,  ((/m)/P  (rfw)  on  H.  (or  ?i,)  simultaneously 
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is  density,  also,  in  f ull/total/conplete  «-algebra  \H*:  for  any 
Multitude  d*e?l* 

| />(w)P(dto)  = j p (to)  P (rfco)  = P|  (/l)  = P|  (/V),  (1.8) 

A*  A 

where  the  set  /!(=?(>  (or  A s ?lt)  is  selected  so,  in  order  to  for  the 
syssetrical  difference  A' « A - i/T  \ A)  U (/l  \ A’) 


P(d*oyi)  = Pl(/C  c/l)  = o. 


FOOTNOTE  ».  See,  for  exanple,  [8],  page  127.  ENDFOOTNOTE. 
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As  has  already  been  indicated  in  §2  chapter  I,  any  Gaussian 
■easure  P is  assigned  by  its  average  value  of  a (t),/e=7\  and  by 
correlation  function  H(s,l),  s,  I e T.  The  placed  above  problens  (connected 
with  the  equivalency  of  Gaussian  Measures  P and  P,)  is  logical  to 
solve,  proceeding  precisely  froa  the  assigned  average  values  of  a 
(t) , a,  (t)  and  correlation  functions  B (s,  t)  , Bt  (s,  t) 
exaaine/considered  Gaussian  distribution  P and  P(- 


Obviously,  without  liaiting  generality,  it  is  possible  to  count 
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that  a (t)  = 0,  since  of  values  € (t)  = € (w,  t)  always  it  is 
possible  to  pass  to  values  |(/)- a(t),  t e T,  since  during  this  passage 
#-algebra  * and  initial  Gaussian  neasures  P(du>)  and 
renain  without  change.  In  the  appropriate  function  space  this  X 
indicates  the  passage  to  Gaussian  distributions  P(dx)  and  Pi(dx) 
with  the  previous  correlation  functions,  that  has  average  values  of  0 
and  nil*)  — <*(0.  t s T. 

2.  Examples  of  orthogonal  distributions.  Let  (relative  to 
probability  measure  P)  HO,  - Gaussian  stationary  process 

with  the  zero  average  and  correlation  function  B (t) . Let  P i-  be 
another  probability  measure,  relative  to  which  t (t)  - also  Gaussian 
stationary  process  with  the  zero  average,  but  correlation  function  Bt 
(t) . Both  these  measures  are  examined  lower  in  m-algebra  VI, 
generated  by  all  values  6 (t)  = f (u,  t)  at  le  T,  where  T = [0 j r]  are 
certain  segment  on  real  straight  line. 

The  simplest  examples  of  orthogonal  probability  measures  P *>»«/  Pi 
can  be  obtained,  by  taking  into  account  the  local  properties  of 
trajectories  (see  $7  chapter  I). 


— a^VM0)_ 
*"o  A-»A*fl,  (0) 


oo 


For  example,  if 
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or 


lull 

h-*0 


A (0) 
(0) 


0, 


(1.9) 


that  probability  leasurea  P and  P,  are  orthogonal. 


Page  99. 


In  fact,  if  it  is  carried  out,  let  us  say,  the  second  of 
conditions  (1.9),  then  for  certain  function  6 (h)  such,  that  with  h -> 
0 


ljmA^fl(o)=0  and 


A -Ml  «('<) 


ft  (A) 


no, 


with  fixed /recorded  t with  probability  1 occur  the  following 
relationsh ip/ratios: 


lim I a»s (/) i ) 0 relative  to  P. 

A-»o  6'1’ [h)  l oo  n ».  P{> 


for  fast  enough  descending  sequence  A - h„,  n - I,  2,  . . . (recall  here, 
that  A_,A*0  (0)  — M | (/)|2).  it  is  evident  that  the  probability  aeasures  P 
and  Pi  have  the  aoaiatersecting  carriers  A and  At  fora 


lim 

-*0 


I A/il  (m,  /)| 
A1  n (h) 


0 


j 
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and 


/li  = / co:  liin  — -fi  — 00 1 ■' 


Thus, 


with  the  disturbance  of  condition  * 

A-ftAftfl  (0)  w . /,  |Q. 

A-*A*  fl,  (0)  ^ ' ' 

the  probability  aeasures  P and  P,  are  orthogonal. 


FOOTNOTE  *.  Relationship/ratio  <« x 0 for  variables  a and  p neans 
that  o<c, with  some  constant  c,  and  c,  BRDFOOTNOTE. 

By  taking  into  account  the  properties  of  trajectories,  described 
in  theoren  5 chapters  I,  it  is  possible  to  obtain  very 
connon/general/tot al  examples  of  orthogonal  distributions  P and  Pi- 

Let  us  assune 

b (/)-£(/)  -0,(0. 

For  sinplicity  of  fornulas  let  us  consider  that  is  fulfilled 
relationship/ratio  (1.10).  Let  as  show  that 

with  the  disturbance  of  the  condition 


A_,A,M0)-o{A_,A*B(0)} 


(III) 


*s.  • 
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the  Gaussian  aeasures  P and  P,  are  orthogonal. 
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In  fact,  according  to  theorea  5 chapters  I value 


Tl(/0  = 


S-\  -l 

_ ± V ±-jAhHjo) 

N ^ A_*Vi( 0)  J A_aA*6(0)  " 

•=  r_  1 V IAaS  (»A)|»  ] a_»wmo)  , 

N r4  A-*A»fl,  (0)  A_,,A hh  (0)  + 1 

*f  »Q 

(nie  N = [x//i] ) 


are  such,  which  with  fast  enough  descending  sequence  * * hn,  n=  I,  2 
for  which 


A’-»W<  (0>  w A-^A^fl,  (0)  ^ 
A-*A**(0)  ~ A_»V>(0)  ^ '• 


with  probability  1 


lim  >|(/») 

h -#  0 


j 0 relative  to  P, 

I I o " P,. 


(1.12) 


It  is  evident  that  with  the  disturbance  of  condition  (1.11)  the 
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Gaussian  ueasures  P and  Pi  will  be  orthogonal. 


Let  us  show  still  that 


Gaussian  aeasures  P and  P,  orthogonal  with  the  disturbance  of 


the  condition 


| at  - 1 |M 

- O w V ((*-/) /i)IM  • d.lS 


A.*A*h  (0)  = O 2j  [A_*\*fl  l (*  — D /Or 
I *.  /-'> 


In  fact,  above  values  n (/») 


have  relative  to 


distributions  P and  Pi  average  values  0 and  1,  but  dispersion  (see 
fornula  (7.14)  chapter  I)  the  essence 

A' -I  AT-I 

~t  ^ |A-*A*»(  (*-/)*»)*.  ^ |A-*W»,  ((*-/)  A)]* 


|A_*A*ftl 


l-n ^ 


so  that  with  the  disturbance  of  condition  (1.13)  will  be  located 

sequence  h~lin,  n=  I,  2 for  which  will  be  carried  out  asyuptotic 

relations  (1.12). 
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In  this  case  Gaussian 


carriers  of  the  fora 


»s  P and  Pi  have  the  nonintersecting 


A = j (a:  limv)(cfl,  /i„)  = 0> 

< hn-*n  ' 

A,  — | to:  lim  q(w,  li.)  — I >. 
’ A.-»n  * 
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Recall  that  in  leaaa  4 chapters  I is  given  estimation  of 

N- 1 


expression  2 (k  - /)/«)]*.  According  to  this  estination  and  the 

*.  /- 0 

obtained  above  results 


the  Gaussian  neasures  p and  P , will  be  orthogonal  with  the 
disturbance  of  the  following  conditions: 


A_»A,1M0)  = o(|/,r,5|A.,A,/?(0)|] 


in  the  case,  when 


and 


h 


A-/.VM0) 


0(1). 


A ,A*h(0)-0(/iIA_*A,fl(0)|l 


(1-14) 


(l.l  5) 


(1.10) 


otherwise. 


Proa  relationship/ratios  (1.14),  (1.16)  it  is  possible  to  deduce 
the  spectral  conditions,  under  which  Gaussian  aeasures  P and  Pi 
will  be  orthogonal.  Specifically,  let  stationary  process  t (t)  has 
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(where  f (X)  f,  (X))  value  A_*A„M0)  satisfies  the  relationship/ratio 


Urn  ■ oo. 

/.-♦o  |A|P 
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It  is  evident  that  with  + y is  broken  the  condition 

A_*A*h(0)-o{|h|ia|hM. 

a by  the  facts  aore  condition  (1.14).  Consequently, 

for  spectral  densities  f (X)  and  f,  (X),  that  satisfy 
relationship/ratios  (1.17)  and  (1.18),  where  1 < « ^ 2 and  p<a-f~, 
the  Gaussian  aeasures  p and  Pt  are  orthogonal. 


In  conclusion  let  us  consider  one  additional  exaaple  of  the 
orthogonal  aeasures  P and  P«  the  correlation  dales  lily  B (t)  and 
Bt  (t)  which  they  satisfy  the  conditions  of  theorea  6 chapters  I, 
whereupon  at  certain  point  t of  interval  T = (0,  r)  the  derivatives 
B*  (t)  and  B • | (t)  have  the  "juaps"  of  the  different  value: 

B'  (t  - 0)  - B'  (t  + 0)  ^ B\  (t  - 0)  - B'  ((  - 0) 

(with  such  correlation  functions  is  given  on  page  144).  According  to 
theorea  6 chapters  I in  this  case  the  nonintersecting  carriers  of 
Gaussian  aeasures  P and  P,  are  the  sets 
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and 


/l«=|(o:  I ini  >|(o>,  hn)  = O'  (/  — 0)  — B'  (t  + 0)  }• 

' h„*+n  ) 


li  “ { ®:  ’1  (<*>.  hn)  = B'  (/  - 0)  - n\  (/  + 0) 


where 

N-\  t 

1 <*)-*“'  y5lA*fi(*A)A,|(/  + *A) 

*-0 


and  //,.  n*=l.  2,...,—  fast  enough  descending  sequence. 

Page  103. 

3.  Sone  initial  infornation  about  equivalent  Gaussian 
distributions.  Let  £ (t)  < t < «,  stationary  Gaussian  process, 

|(0-  [ (1*19) 

- its  spectral  representation  and  P - probability  neasure  in 
••algebra  H(f),  generated  by  values  |(0 - £(«,  Oon  0 (where  paraneter  t 
passes  certain  Multitude  T on  real  straight  line).  Let  the  average 
value  of  this  stationary  process  equally  to  0,  and  spectral  neasure 
is  F (dX) . Let  Pi-  be  another  probability  neasure,  relative  to  which 
stationary  process  with  the  zero  average  and  spectral  neasure  F,  (dX) 
forn  values 


I.  (0-1(0 -0(0. 
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where  a (t)  - the  average  value  of  initial  values  € (t)  : 

o(0-M,t(/).  /er. 

91  (D 

In  the  examination  of  Gaussian  neasures  P and  P , in  «~algebra^t 
of  initial  values  (1.19)  it  is  possible  to  pass  to  their  linear 
conbinations  of  the  forn 


n(«r)-  \ q’WT’Wi).  ( i .20) 

where 

<rW  = Sv?'x\  (1.21) 

* 

(| 7\  a r, r„ 

\ ~ real  coefficients. 

Let  us  designate  l.°r  the  linear  space  of  all  functions  forn 

VI  (<p),  <p  e , 

(1.21).  Representable  by  fornula  (1.20)  of  value  ^ can  be 
considered  as  Gaussian  functional  on  space  L°r-  Let  us  assune 

« (ip)  = M|ii((p),  ( 1 .22) 

Let  us  note  that  « (»r)  - ^cka  (t„)  «ith  <rW  ** 

* * 

Page  104. 

Let  os  consider  L°r  as  subspace  hilbert  space  L,(F)  with  the 
scalar  product 

(ID 

<«P.  J (1-23) 

-ee 
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•her*  P (dX)  - the  spectral  leasure  of  stationary  process  € (t)  - 
relative  to  distribution  P.  Recall  that  there  is 

closing/shorting  of  space  L°j  relative  to  scalar  product  (1.23). 
Sinultaneously  let  us  consider  L ” as  subspace  in  hilbert  space 
with  scalar  product  t)r  (here  P,  {d\)  - the  spectral  aeasure  of 
stationary  process  Ei  U)  - 1(0  — a (/)  relative  to  distribution  P,). 

The  correlation  function  of  assigned  by  foreala  (1.20)  of  randon 
functional  »)(<p)  of  the  functional  paraneter  <p(X)e=/,°  is 

= tV.  <P.  L°r  (1-24) 

relative  to  distribution  P and 

fli  (<p.  'I1)  “ (q>,  <p,  (*-2r>) 

relative  to  distribution  P,. 

It  is  clear  that  if  II  <p  IV  -»  0,  bat  II  <p  IU  # 0 for  certain  function 

ip(X)e=  L°t, 

then  the  seasures  P and  P,  are  orthogonal,  since 

P{n(< p)-0)-i.  P,(n(q>)-0)-0.  (1.26) 

Moreover, 

probability  neasares  P and  P,  are  orthogonal  with  the 
disturbance  of  the  following  condition  *: 

fet'r 


II e Up  X II  q' ll/.,. 


(1.27) 
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POOMOTE  •.  Recall  that  the  relationship/ratio  ii<rl!pxil<rllf,  ind  icates  o < f)  < 

< f»<  °°' 

/i  where  Ct  and  Cz,  some  constants,.  ENDF00TE3TE. 
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In  fact,  if,  for  example,  there  is  a sequence  <r „(A.)e/,°,  n=l,  2 
such,  that 


Mr' 


1.  oi 


■KC 


with 


that 


P(ln(Tn>-a(<l\i)l<  /<0  - J "idx-+0. 

|*-a(<r„)|  < 

Pi  {h(<rn)~  a («r„).l<  KoJ  = 


— :Lr-  fix  — » I . 

r 2jx 
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Analogous  relationship/ratios  occur,  also,  in  the  case,  when 

II  Tn  II ^ ™ i . II  <j\i  Iff  — * 0 v it  h n —*  co, 

so  that  (see  condition  (1.5))  probability  measures  P and  P,  will 
be  orthogonal. 

Condition  (1.27)  indicates,  in  particular,  that  the  hilbert 
spaces  Lr  {F)  and  Lr{F,)  coincide: 

Lr  (F)  - Lt  (P,). 

whereupon  relationship/ratio  (1.27)  is  fulfilled  for  all 

q >(*)€= /,r(F) 

Further,  let  us  consider  average  value  (1.22)  of  randon 
functional  q(q'),  q>«=/,",  relative  to  probability  neasure  P|. 

It  is  clear  that  if  «(q’)^0  with  II g1  ll/r  = 0.  then  the  measures  P 
and  P,  are  orthogonal,  since  either  II q> #fi >»* 0 they  occur  of 
relationship/ratio  (1.26),  or  Bqil^-O  and  then 

P {i|(q>)  — n (qi))  =*  0, 

Pi  (»1  (<P>  - a (»)}  - I. 


This  indicates  that  for  nonorthogonal  measures  the  average  value 
a(q>).  q> e is  linear  fnnctional  in  hilbert  space  Lr(F). 
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Let  us  show  that  for  the  nonorthogonal  measures  p and  Pt  the  average 
value  a(q>),  <p eL°r,  is  the  limited  linear  functional  in  hilbert  space  LT(F). 

In  fact,  it  is  possible  to  consider  carried  out  condition 
(1.27),  and  then,  if  o(cp„)-»ou  eith  n -*  oo  for  certain  seguence  q 
such,  that  on  = II  llf , X II  <r™  Ilf  * 1,  then 

oo 

P (n  (q >„)  > | 'a  (q’n ) j = —==-  f e~x'ndx  ->  0, 

I 2ji  j 

• y a (Vn) 

• • oo 

Pi  h (<T«)  > Ya  Or*)}  = -rr==~  I c~'  I2""  r/*  ->  1 , 

I 2no„  J 

-<i(T„)  + | n('r„) 

a this  indicates  the  orthogonality  of  measures  P and  Pt  (see 
condition  (1.5)). 

Let  #j,  ...  eLnr-  any  seguence  of  functions, 

full/total/complate  both  in  the  hilbert  space  Lr(F),  and  in  hilbert 
space  Lt(F i)  (recall  that  subspace  L'\  all  functions  of  form 


(1.21)  everywhere  tightly  both  in  Lr(F),  and  in  /.r(F|)),  and  let  '.’i 
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indicates  «-algebra,  generated  by  all  values  k = 1 , 2,  ..., 

fora  (1.20). 

Leans  1.  The  Gaussian  aeasures  P and  P,  are  equivalent  in 
•-algebra  %(T)  »hen  and  only  when  they  are  equivalent  in  valgebra  9ls9l.(r). 

Proof.  Let  P and  P»  be  equivalent  oa  '?(.  Any  cell/elesent  ♦ (X) 

-f,x'  in  space  LT(F)  is  a liait  of  the  linear  conbinations  of  fora  t|\,(X)  = 
]£c»„<p*(X),  and,  therefore, 

ft 

M 1 6(0  - tj  U\,)  I2  = II  e'x'  - (X)  IPr  -*  0 

with  n-*  oo.  Por  the  equivalent  aeasures  P and  P*  carried  out  condition 
(1.27)  and  the  average  value  a (#)  is  linear  continuous  functional, 
so  that 

M . I &(  0 - r,  ( *„)  ? - 1|  e> Kl  - (X)  £ + | a (e‘“)  - c,  (*„)  f - 0. 

Page  107. 

Consequently,  for  fast  enough  increasing  subsequence  k = 1,  2, 

• • • # 

6(«o,  0=  lim  r|(o), 

n-¥  oo 

alaost  everywhere  both  relative  to  the  probability  aeasura  P and 
relative  to  P*.  It  is  obvious,  values  £ (u,  t) , determined  by  the 
asyaptotic  relation 

!(co,  I)  ■=  lim  n(w, 


! 
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at  those  wsQ,  for  which  the  liait  indicated  exists,  ani  define  by 
equality  £(<»•  >>*  0 with  the  others  wsS),  will  be  equivalent  to  initial 
values  £(o>,  /)  in  the  sense  of  condition  (1.7)  . These  values  are 
aeasured  relative  to  v-algebra  91*.  being  addit ion/coaplet ion  initial 
•-algebra  91  by  the  sets  of  probability  0 (relative  to  the 
equivalent  on  9(  distributions  P and  Pt)  • It  is  obvious,  the 
probability  aeasures  P and  Pt  will  be  equivalent  on  91*  and  the  fact 
aore  in  «-algebra  "i . . generated  by  values  £(/).  leT.  Talcing  into  account 
condition  (1.7) , hence  we  include  that  P and  P,  will  be  equivalent  in 
•-algebra  91(7),  Q.  E.  D. 

Let  91  there  is  v-algebra,  generated  by  values  %(co)  = ti(cu,  v*)  on 
0,  where  k * 1,  2,  ...,  soae  set  of  functions  froa  L\,  is 

f ull/total/coaplete  in  spaces  l.r  (7)  and  Lr(F,).  Let  9l„  indicate 
•-algebra,  generated  only  by  values  'l*.  k = 1,  ...,  n.  It  is  obvious, 
is  ainiaua  •-algebra,  which  contains  entire  sequence  9l,s9l2s  . .., 
that  conditionally  can  be  registered  as 

9(  = iim  9I„. 

let  us  consiler  the  Gaussian  aeasures  P and  p1#  equivalent  in 


•-algebra  91.  Let 
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P («>)  = 


P|  (rfio) 
P («/m) 


there  is  their  density  on  ?i. 


Page  108. 


It  is  obvious,  the  neasures  P and  P*  are  equivalent  in  any 
•-algebra  91',  containing  in  \*i.  whereupon  for  the  appropriate  density 
p*  (w)  = Pa  (dw)  /P  (du)  (aeasurable  relatively  H') 

Pi  (A’)  = [ p'  (u>)  P (</o>)  = | p («)  P (rfco), 

A'  A ■ 

whatever  set  /Te9t'.  it  is  evident  that  density  p*  (w)  coincides  with 
the  conditional  natheaatical  expectation  of  value  p (w)  (relative  to 
•-algebra  ?('): 

/>'(»)- M {/>(«)/*'}.  (1.29) 

According  to  the  known  properties  of  conditional  nathesatical 
expectations,  ».  for  densities  p.((.»)«  Pt  (dw)  /P  (dw)  in  •-  algebra  ?l„  tr  ?(, 
representable  in  the  fora 

/>„  (w)  = M {/>  «-l.  2 (1.30) 

we  have:  with  probability  1 

p(m)-  lim  pn (w) \ (1.31) 

(whereupon  asysptotic  relation  (1.31)  it  is  iapleaented  also  on  the 
average)  . 
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FOOTNOTE  »-  See,  for  exanple,  [12],  page  287.  ENDFOOTNOTE. 

Further,  let  us  turn  to  the  arbitrary  density  p*  (w)  fora  (1.29). 
Applying  known  inequality  *.  for  the  convex  function  log  x,  we  have 

log  p'  (w)  =*  log  M { p (0) )/?('}  ^ M (log  p (<i>)/?I '} 

and,  therefore, 

M log  p'  > M log  p.  (1.32) 

FOOTNOTE  *.  See  [12],  page  37.  ENDFOOTNOTE. 
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It  will  be  shown  below  (see  theorem  1) , that  is  really /act ually  H log 
p > - •• 


Thus,  density  p (a)  * P,  (da)  /p  (da)  in  «-algebra  ?(  (but  that 
means  and  in  #~algebra  1l(T))it  can  be  found  from  the  asymptotic 
relation  of  the  form 

log  p (to)  = I i in  log  p„(a>)  = 

rt-*ro 

= lim  M log  p„(co)  + lim  [log  p„(a>)  - M log  pn  (io)|,  ( 1 .34) 

ft  ->  or  # f!  -*  no 

that  also  it  will  be  done  subsequently. 


$2.  Some  conditions  of  the  equivalency  of  Gaussian  measures. 


1.  Conditions  of  equivalency,  connected  with  the  entropy  of 
distributions.  Let  us  consider  the  Gaussian  measures  P and  p,  in 
walgebra  ?( if),  generated  by  all  values  n(>r)  = <f)  form  (1.20)  on 
probability  space  Q,  where  the  functional  parameter  # (X)  passes 
linear  space  l-r.  Let  us  assume  that  which  was  carried  out  condition 
(1.27),  with  disturbance/breakdown  of  which  measure  P and  Pt  they  are 
orthogonal. 


Let  n* ” nl'F*).  k * 1,  2,  ...,  the  sequence  of  the  values  of 


■I'r 


form  (1.20),  where  •• 


- certain  full/tota 1/complete 
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system  of  linearlf  independent  functions  in  each  of  the  hilbert 
spaces  /-/ '(/•')  and  LT(Ft).  and  let  ?(  is  w-algebra,  generated  by  all 
these  values.  On  any  of  *-algebra  ?i„.  generated  by  values  ’u  = n»(w)  to 
0 (k  = 1,  ...»  n)  the  Gaussian  neasnros  P and  Pa  they  are  equivalent, 
since  on  the  strength  of  predicted  condition  (1.27)  the  corresponding 
correlation  natrix/dies  ( B (k,  j)  ) and  { Ba  ( k,  j)  ) are 
nondegen  er  ate. 

Let  us  consider  the  Gaussian  Measure  Pt  in  #-algebra  a 

forned  by  all  Multitude  of  the  forn 

^ = {l*h>  • • • . Unl  e * }. 

where  1'  - the  borel  sets  of  If-dinension al  vector  space  R".  Page 

110. 

Let  (a | » ...»  a„)  - the  average  value  of  relatively  probability 

ee  a sure  Pa  j t . e . » ~ M k = 1,  2,  ....  *P  hen 

P|M)  = [ f,(x xn)dxt  ...  dxn, 

where  f(  (x,,  ...»  *„)  - the  density  of  the  corresponding  Gaussian 

distribution  in  space  Rn  vectors  x - (xt,  ...»  xn)  - it  takes  the 
forn 

/ 1 (*^i»  • • • * = 

“ exp  1 ~ T ^ (x*  ” a']  {xi  ~a')C' {h’  !)  1 

(D  indicates  the  deterninant  of  natrix/die  ( B(  (k,  j)  )#  and  ( C( 
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lift 

(k,  j)  } - reciprocal  aatrix  to  ( B,  (k,  j)  }). 


Let  f (x,,  ...,  O - the  density  of  the  corresponding 
distribution  P in  vector  space  /?"  (having  the  sane  fora,  as  density 
f(  (xt,  ■*„).  but  with  zero  average  value  and  correlation 

aatrix/die  ( B (It,  j)  }).  Then  density  of  distribution  is 

Pi  (dx)  1 1 (.r 

P [dx)  j (x xn)  1 X & K ■ 


Consequently,  the  corresponding  density  /),W=  P,  (du)  /P  (dw)  on  the 
initial  space  0 is 


Pn  M 


/i  Ini  (<■»> ’in  (<■>> L 

I I'll  (<") 1.i  (“'I 


and  can  be  described  by  the  foraula 


log •/>„  (<0)=  lOR-^ 

n 

- C (/,  k)  i\i  (co)  n*  (®)1.  (2.1) 


•here  D and  Dt  they  indicate  the  deterainants  of  aatrix/dies  ( B (j, 
k)  } and  { Bj  ( j,  k)  },  k,  J = 1,  ••*,  n,  but  { C (j,  k)  | and  { Cj 
(j,  k)  } - the  aatrix/dies,  reverse  to  ( B (j,  k)  } and  ( Bt  ( j,  k) 
)• 


Page  111 
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In  generated  cell/eleaenta  <Ti> 


subspace  it  is  possible 


to  select  the  bass  <<'i„ (f„„,  in  which  both  positive  bilinear  foras 


B (<f. 


and  /3, (<r.  are  led  to  the  diagonal  fora: 


i 1 with  k * j, 

1 0 11^1  k¥=i', 

_(  O J„  fe-/, 


<1  'In) 


R I <T/n)  = I n " . , . 

' l 0 +tfH1 


then  density  P„M  * P»  (d»)  /P  (d«)  in  *- algebra  ?(„  can  be 
described  by  the  following  formula  (coap.  (2.1)): 

.4  v r I , 

li".,  1 *-iL  *"  11 


where 


k = I n. 


It  is  easy  to  consider  that 


M log  pn  = ^ ^ , log  -i + I - j , 

^ V <n„  <W 


M,l0R>n  = ^ V(-  loPaJ„  + ai„-  l+0- 


D|  log  pn  - j V |(!  - o?f,)J  + 2oJX.l' 
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where  Dm  ud  D,rj  indicate  dispersions  relative  to  P and  Pt. 


Let  as  define  the  so-called  entropy  distance  r(W)  between  the 
equivalent  Gaussian  neasures  P and  Pt  in  #-algefcra  H'sll  as 


,(*-)-  -[MloB^+M.lod^-].  (2.1) 


Page  112. 


According  to  coaaon/general/total  inequality  (1.32) 

/•(K'X ''(?(")  with  91' <=91".  (2.5) 

Let  us  assune  rn^=r(?in).  Since  9(l  = 9(?  = ...,  the  sequence  r„,  n = 1,  2, 
is  nonotonically  increasing. 


Proa  fornulas  (2.3)  it  is  evident  that  if 


mf  ai„  = 0 or  .supaJn  = co,  (2.6) 


that 


lim  r„  — oo. 

(2.7) 

fl-her» 

But  if 

n'*  ^ 1 
nk'i  ^ 1 • 

(2.8) 

which,  obviously,  is  equivalent  to  relationship/ratio  (1.27),  then 
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-lon4--f-f -!  X - log  a\n  + < - I X (I  - O’. 

akn  akn 

and  therefore 

M | - lop  p„\ X M,  lop  pnX  D lop  p„  X D,  lop  p„  X 

XrflXS  |(l -<)’  + <!•  (2-9) 

fr  “ 1 

j.eaaa  2.  If  is  fulfilled  relationship/ratio  (2.7),  then  the 

Gaussian  aeasures  P and  Pt  in  #-algebra  ?(  are  orthogonal. 

L 


Proof.  The  case,  when  is  fulfilled  relationship/ratio  (2.6),  is 
already  exanined  earlier  (see  condition  (1.27)).  It  was  shown,  that 
in  this  case  the  probability  aeasures  P and  Pt  were  orthogonal. 


Let  be  is  fulfilled  relationship/ratio  (2.8)  (but  together  with 
it  and  (2.9)). 

Page  113. 

Then  for  the  segue  nee  of  sets  the  fora 

An  - | lop  p„  - M lop  p„  > y r"  | ” 

ms  U \ | — log  pn  + M i log  Pn~^  ' j rn  j 


according  to  Chebyshew's  ineguality  occar  the  following  asynptotic 
relations: 
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P M„)  <— X — — 0 
*2  'n 
4 " 


P,  M„)  - I — P,  (Q  — An)  > 1 - xi  — L 

_■  2 rrt 

4 " 


This  speaks  about  that  (see  condition  (1.5)),  that  the  probability 
■easures  P and  P4  are  orthogonal.  Lenna  is  deaonstrated. 


Leans  3.  If 


lim  r„  < oo, 


that  the  probability  measures  P and  Pt  are  equivalent  in  «-algebra  ?[. 

|jroof . Let  us  suppose  for  exanple  that  the  neasure  Pt  is  not 
absolutely  continuous  relative  to  P.  This  leans  that  for  certain  set 

P (A)  = 0,  P,M)yo. 

It  is  obvious,  there  is  a sequence  of  sets  An  e=  such,  t hat  P2M » A„)  -*0 
with  n -*  oo,  ahere  aeasure  P2  = P ♦ P,,  and  consequently,  for  such 


aultitudes  /1„<='X 


PM-/U-+0. 


Ijb t us  consider  v-algebra  W',  besides  void  set  and  an  tire  space 
containing  only  sat  An  and  its  addition.  Density  />'(*»)»  Pt  (dw) 


/P  (dv)  on  is  eqaal  to  ^rnpr  »ith  w ^ An  and 


i - P,  1-4,,) 
I - P ( .4,, ) 


•ith  <b  A„, 


M,  'OR  p'n  » Ior  P,  (An)  + log  -VEtoT  1 1 - 1 P. 


1 - P M„> 
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Since  P|M„)-*  pt  (A)  > 0,  a P(/1„)-»  P (A)  * 0,^  Ha  log  />'-»•<»  with  n-*<x>. 
On  the  strength  of  coneon/general/total  inequality  (1.32) 

- M,  log  p’n  < - M,  log  pn  < r„, 

where,  as  before,  p„  (w)  = Pt  (dw)  /P  (dw)  indicates  the  density  in 

••algebra  ?iB  = 91'. 

Page  lit. 

Thus,  if  the  eeasure  Pt  is  not  absolutely  continuous  relative  to  P, 
then  r„  — * oo  with  n->oo.  Analogous  reasonings  lead  to  the  saee  result, 

when  the  Measure  P is  not  absolutely  continuous  relative  to  Pa. 
Consequently,  uniat  condition  (2.10)  of  aeasure  P and  Pt  are 
equivalent  in  *-algebra  91,  Q.  E.  D. 

The  obvious  corollary  of  denonstrated  above  lennas  2 and  3 is 
the  following  result.  ». 

POOTBOTE  *.  This  result  is  obtained  by  Hajek  (J.  Hajek,  about  one 
property  of  the  naraal  distributions  of  arbitrary  stochastic  process, 
Czech,  nath.  i.  8 (1958),  610-618).  BRDPOOTHOTE. 
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Theoren  1.  The  Gaussian  aeasures  P and  Pj  either  ara  equivalent 
or  orthogonal,  whereupon  they  are  equivalent  in  v-algebra  91  (7")  when 
and  only  when  is  satisfied  condition  (2.10). 

Let  P*»  ba  a Gaussian  Measure  with  zero  natheaatical  expectation 
and  the  sane  corralation  function,  as  Pt.  Fron  theoren  1 and 
relationship/ratio  (2.9)  it  is  easy  to  deduce  the  following  inportant 
fact. 


Theoren  2.  The  Gaussian  aeasures  P and  P,  are  equivalent  only  if 

are  equivalent  pairs  P and  P*,  and  P,,  whereupon  for  the  equivalent 

Pi.  Pi 

aeasures and  Pt  density  P*  (da)  /p  (da)  is 

P,  ( </(!))  P,(rf(0)  Pi  (rf») 

P (rfffl)  (rf(rt)  P (,/a)  ^ ^ ^ 

(Recall  that  we  exaaine  the  case,  when  P = p») . 

2.  The  conditions  of  equivalency,  connected  with  hilbert  spaces  Lr(F) 

and 

let  P and  P,  - Gaussian  aeasures  in  «-algebra  9l(n,  that  which  was 
generated  by  all  values  nW  fora  (1.20),  where  the  functional 
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parameter  * (X)  passes  space  Lnr 
Page  115. 

According  to  theorea  2 it  is  possible  to  exaaine  separately  tvo 
cases.  Tha  first  - when  the  correlation  functions  B (t.  V)  *=  (v< 

and  fli  (t.  V>)  = (<p.  ’(')f,  coincide: 

(<p.  ty)F  = (<p.  ^)f,  (212> 

with  all  <p,'|'^/r-  the  second  - when  the  average  value  M,i](<p)  is  equal 
to  0. 


Let  as  consider  the  first  case,  when  the  Gaussian  waasures  P and 

p,  differ  only  in  terns  of  the  average  value: 

= = a Or),  <p  e l.'\. 

theoren  3.  Under  condition  (2.12)  the  Gaussian  naasures  P and  Pt 

are  equivalent  only  if  the  average  value  a {#)  is  a linear  continuous 

functional  in  hilbert  space  LT(F): 

a (cp)  = (<p,  <p  e Lnr  (2.13) 

where  ip(A)  - the  deternined  cell/elenent  fron  / r </'). 

proof.  The  continuity  of  the  linear  functional  a (♦)  in  hilbert 
space  /flF)  is  equivalent  the  liaitedness  of  this  functional  and 
for  •quivalent  Gaassian  aeasures  it  was  establish/installad  earlier 
«m  lection  ) (1)  . 
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Let  the  average  value  a (#)  be  continuous  linear  functional.  KA 
any  linear  continuous  functional,  the  average  value  a (0),  n^l'r.  is 

described  by  fornula  (2.13),  in  which  the  cell/elenent  i)’(A,)eLr(F)  is 

deterained  unaabiguously , since  the  subspace  L°T  is  tight  in  l.r (F). 

Let  *j,  *2r  ...  e /."  - the  f ull/t otal/coaplete  orthonoraal  set  in  Lr(F i. 

As  can  be  seen  froa  foraulas  (2.3),  the  entropy  distance  between  the 
Gaussian  Measures  p and  Pt  in  •- algebra  generated  by  values  ’l*  = n (q*). 
K * 1,  ...,  n,  is  „ 


(where  «*  = a(«p*))  and 


lim  rn  - 2 - <’l  “ 2 1 ty  - 2||  i |P  < 

i-»»  t-i  k-i  ‘f  e 


Page  116, 


Thus,  is  satisfied  condition  (2.10),  and,  consequently  (see  theorea 
1)  , the  Gaussian  Measures  P and  Pa  are  equivalent  in  w-algebra  lim 91,. 

On  leaaa  1 this  is  equivalent  equivalency  P and  Pt  in  #-algebra  ?l  (T). 
Theorea  is  deaonst rated. 

% 

Let  us  consider  now  the  Gaussian  aeasures  P and  Pt  (in  *- algebra  91  (D) 
with  identical,  equal  to  0,  by  the  average  values. 
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Let  us  determine  operator  A froa  hilbert  spaces  Lr(F)  into 
having  hilbert  soace  Lr(F,)t  placed 

/IqiW-ipW  (2.14) 

for  all  <p (X) f= /,°r.  as  earlier,  let  us  assuae  that  which  was  carried  out 
condition  (1.27),  with  disturbance/breakdown  of  which  the  aeasures  p 
and  pt  are  orthogonal.  This  condition  is  equivalent  to  the  fact  that 
the  operator  A is  liaited  and  has  the  bounded  inverse  operator;  this 

condition  can  be  registered  also  in  the  fora 

A' AXE,  (2.15) 

where  A * is  the  adjoint  operator  to  A,  E - single  operator,  and 
relationship/ratio  (2.15)  aeans  that 

IIMMJqilUXM/r,  <p  e=Lr’(F). 

Let  us  note  for  a clarity  that 

(A’ Ay,  t|')r  - (/It-  = ^)f,  (2. 15) 

with  any  «r.  4’  . 

Let  us  consider  the  difference 

\-E-A'A.  (2.17) 

Leaaa  4.  If  the  operator  A is  coapletely  continuous,  then 
condition  (2.15),  and  together  with  it  and  condition  (1.27),  is 
satisfied  when  ani  only  when  operator  A does  not  have  equal  to  1 
eigenvalue. 


Page  117. 


Further,  since  the  operator  AM  is  positive,  difference  a = E - 
A* A is  such,  that 


Slip  (Aq\  q><  I. 


He  have 


(q\  q,)P  - M"/1q\  <p)r  < 6 (<f,  tf)r, 
</l’/lq\  <r>f  XI  -6)  (,f,  if)/,. 


Consequently,  with  6 *=  I there  is  a bounded  operator  (A'A)~\  On 
the  other  hand,  if  1 is  the  eigenvalue  cf  operator  B - A*A,  then  0 
are  the  eigenvalue  of  operator  A*A,  and  therefore  inverse  operator  {A’A)~' 
does  not  exist. 

Theorea  4.  Under  condition  (1.27)  the  Gaussian  neasures  P and  Pt 
are  equivalent  when  and  only  when  A = E - A*A  is  the  operator  of 
gil*berta  - Schsilt.  *. 
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FOOTNOTE  1 . Recall  here,  that  the  operator  gilbert-of  Schaidt  is 
called  the  completely  continuous  operator,  the  fullA°tal/coaplete 
systea  of  eigenvalues  pt,  px,  ...  whoa  it  satisfies  condition  < 
--  Theorea  4 is  obtained  for  the  first  tine  Feldman  (J  Feldaan, 
Equivalence  and  perpendicularity  of  Gaussian  processes,  Pacif.  J 
Hath.  8 (1958)  699-708;  9 (195  9)  129  5-129  6);  we  it  is  easily 
concluded  froa  theorem  1,  whereas  the  proof  of  Feldaan  is  very 
complicated.  EHDFOOTNOTE. 


Proof.  Let  us  consider  spectral  representation  of  the  bounded 
syaaetrical  operator  A: 

A - j |i/: 

where  E (dp)  - the  spectral  faaily  of  projection  operators 

("resolution  of  unity")  . It  is  clear  that 

•d  -d  “ | (I  — |i) £ 

Let  us  assuaa  that  operator's  spectrum  A is  not  purely  discrete. 
Then,  obviously,  outside  certain  vicinity  i-r.  is  an  infinite 
nuaber  of  points  of  the  spectrum  and,  consequently,  also  an  infinite 
nuaber  of  nonintersecting  intervals  |m.  i»*4i|.  k * 1,  2,  ...,  such,  that 
the  invariant  orthogonal  subspaces  of  the  fora 


£!/**.  *»*♦■!  Lr(F) 
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continually  are  different  fron  zero. 

Page  118. 

Let  us  select  in  aach  of  these  subspaces  on  equivalent  component  <r».  II (r*  ilr 
* 1.  For  then 


ip/)r  = <q»,  “ 


0 


with  j » k, 

t* 

w^u  j¥^k, 


whereupon 

+ (1-olY^e2. 


Entropy  distance  r„  between  the  Gaussian  aeasures  P and  Pt  in 
•-algebra  ?l„,  generated  by  values  n*  = ti((r*).  k = 1,  ...»  n,  it  is  such, 
that  (see  (2.9)) 

It  is  evident  that  rn-*°o  with  'i  -►  oo,  and  according  to  theorea  1 
Gaussian  aeasures  P and  Pa  are  orthogonal  in  w-algebra  51-Km 


Thus,  for  the  equivalent  aeasures  P and  Pa  operator's  spectrua  & 
(bat  that  eeans  and  operator  k*k)  it  is  purely  discrete.  If  #a  , *t, 
...  - the  f ull/total/coaplete  ort honor nal ized  set  of  functions  with 


eigenvalues  pa,  ps,  ..., 


then  the  condition 
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Let  us  note  that  condition  (2.18)  can  be  registered  in  the  fora 

(Aqi*.  <p,H<  oo 

and  that  for  any  orthonornal  set  >h,  ifc,  . . . e LT  (F) 


$<a*».  ^ = 2[2<a**.  4'/)a]2  = 

“SflAifclfc-  SfSf/H*.  *,)*]  = 

= { 2j  (’I1*,  Aqi/)*  j < ill  Acp/  \\j.  — (A(p»,  <r/Vp. 

/ I-  & J t k. 


whereupon  for  the  f ull/total/coaplete  ort  honor aal  set  Mi.  S'?- 
these  relationship/ratios  the  corresponding  inequalities  are 
converted  into  precise  equalities. 


in 
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It  is  easy  to  see  that  the  operator  A is  the  operator  gilbert-of 
Schaidt  (occurs  discrete  spectrua,  and  the  f u 11/tot al/cosplete  systea 
of  eigenvalues  satisfies  conditions  (2.18))  when  and  only  when  for 
any  full/total/coaplete  orthonoraal  set  ... 

2 <A(p»,  tf,)\  < oo.  (2.19) 

This  condition  can  be  directly  expressed  by  the  correlation 

functionals  of  distributions  P and  pt,  since 

(Acp,  ip)F  = (if,  yf)F  - (A’Aff,  = 

- <q\  t)/'  - (<r.  V>)f,  = B («p,  \|')  - /},  («r.  '!’) 

for  any  <r.  'I ’S/.r(F).  Thus,  under  condition  (1.27)  for  the  equivalency 
of  the  Gaussian  neasures  P and  Pt  it  is  necessary  and  sufficiently, 

in  order  to  for  any  full/total/coaplete  orthonoraal  set  , ..., 

e=  l.j  (F) 


where 


M«r»,  (2.20) 

*.  / 

b (t,  '!')  = B (((’,  i|-)  - B i (<r.  t).  <T.  - l-r  (F). 


Jfxaaple.  Let  T = (--,  -)  there  is  entire/all  real  straight  line. 
Page  120. 


In  this  case  l.r (F)  there  is  a set  of  all  functions  # (\)  such,  that 
I It (MI*F(rfX)<  oo. Condition  (1.27)  (indicating,  in  particular,  which  j f (rfA) X 

A 
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X j F,(rfJ.))is  equivalent  to  the  fact  that  the  spectral  Measures  F and  Fa 

A 

are  equivalent,  and  their  density  f (X)  * Ft  <dX)  /F  (dX)  satisfies 
condition  /(A.)XI  (with  alaost  all  X).  Operator  A*A  easily  is  located 
fro*  the  equality 

H1)/-  = (<T.  t)/1,  = (fa.  f)F,  cp,  \|;  e=  Lt  ( F ). 

Specifically,,  since  /(peLr(F),  that  A*A  there  is  an  operator  of 
■ulti plication  by  density  f (X).  Consequently,  operator  A = E - A*A 
is  an  operator  of  Multiplication  by  function  1 - f (X).  It  is  clear 
that  the  function  # (X)  is  its  own  for  an  operator  A when  and  only 
when  # (X)  =0  alaost  everywhere  outside  set  { X:  1 - f (X)  = p }, 
where  p is  the  corresponding  eigenvalue,  it  is  easy  to  see  that  A is 
the  operator  gilbart-of  Schnidt  when  and  only  when  1 - f (X)  = 0 
alaost  everywhere  relative  to  the  continuous  part  of  the  spectral 
aeasure  F (dX)  (i.  e.  the  continuous  parts  of  the  spectral  Measures  F 
and  F,  coincide),  for  the  discrete  part,  concentrated  at  points  Xa, 

X 2 , ...»  is  satisfied  the  condition 


where 


r i g>)  v 
FU»)  J 


m-i  -/(*»)-  i 


MW 
/••  (X*) 


— 1 , 2, 


is  a f ull/total/coaplete  systea  of  the  nonzero  eigenvalues,  which 
correspond  to  the  eigenfunctions  of  the  fora 
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<r*  (i) ! 


0 with 

1 " \ - \k 


, *-1.2. 


(see  condition  (2.18)). 


Let  us  pause  in  greater  detail  at  condition  (2.20)  and  the 
escape/ensuing  froa  it  corollaries. 

Page  121. 


Let  us  consider  hilbert  space  Ltx  i (/■*  x F),  analogous  to  the 
introduced  previously  space  /.r(n.  Specifically.,  let  us  consider 
linear  space  /-%>  all  functions  of  the  fora 

(2.21) 

*.  / 

(where  >**,  l,(=T  aad  rtl  - real  coefficients)  and  let  us  define  Ltxi(FxF) 
as  the  hilbert  space,  which  is  obtained  by  closing/shorti ag  Arx r 
according  to  the  scalar  product 

<<p,  1>)f  xf  = J J <p  (*.  (0  '!’(*,  n)  F {dM  F (2.22) 

Obviously,  if  <p',  <r"  e Lt  (F),  that 

q>(A,  |i)  = (fi'(A.)«r"0»)  (2.23) 

entering  in  space  LTx  r(FxF),  the  systea  of  all  functions  of  fora 
(2.23)  it  is  f ull/total/coaplete  in  l.rxr(FxF).  This  iaaeliately 
escape/ensues  froa  the  deteraination  of  the  hilbert  spaces  LT{F) 
and  in  questioa/.rv t(F  x F).if  one  considers  that  the  funstions  <r  <*.  t‘) 
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for»  (2.23)  enter  in  Lrxr(FxF),  when  *•  and  4"  they  are  functions 
of  type  (1.21)  , an  d 

IM*,  tO-'H*.  f*)i£yF  = 

- J J I <P'  M <pMT0  - V (X)  V (|i)  I2  F (rfX)  r (dll)  < 

<2  J Jll  <p"(n)  Piv'(k)-tf(K)  P + | |2|  (p)  PlX 

X F (rfX)  F (dn)  = 2|  II  <P"  ||*  ||  «p'  - ||2  + 1|  ||*  ||  (,■"  - V'  lfF  | 

for  any  functions  #•,  #"  and  t'.  t"  the  nentioned  type. 

Let  #l#  #*,  ...  - any  orthonornal  set,  in  hilbert  space  lr(F). 

Page  122. 

Then,  obviously,  the  functions 

v */  (*.  i‘)  - <r*  (X)  ?,  (p).  *,  / *- 1,2 

forn  the  f ull/total/conplete  orthonornal  set  in  hilbert  space  I-Txt(FxF). 
Onder  condition  (2.20)  let  us  assune 

=/’(?*.  <P,).  *,/=!,  2.  . . . , 

and  let  us  define  cell/element  to(X.  n)  e LT*  t (F  x P)  as 

'M*.  p)  = 2]  **/<r»/(X,  (»)•  (2.24) 

*.  / 

Fornula  (2.24)  gives  the  expansion  of  cell/elenent  i|-0(X,  p)  in  terns 
of  orthonornal  set  <p»,(X.  n),  so  that 


h(%-  4>/)"<9*V/.  ♦»),»  r 
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On  the  other  hand,  if  a difference  in  the  correlation 
functionals  b (♦•,  #")  , #•,  #•  e/., (/■'),.  allow/assuaes  representation 
of  the  fora  (2.25),  then  for  any  orthonoraal  set  #t,  #*,  ... 

so  that  is  satisfied  condition  (2.20). 


Poraula  (2.25)  aeans  that  the  bilinear  functional  b (♦•,  ♦")  to 
I-t  (?)'  that  which  is  considered  as  functional  during  the  appropriate 
functions  g>' (X) «p" (n) s irxrifxf),  is  continued  to  linear 

continuous  functional  in  hilbert  space  LT*  r(r  x /•'). 

We  coae  to  the  following  result,  to  soae  degree  analogous  to 
theorea  3. 

Page  123. 
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Theorem  5.  Under  condition  (1.27)  for  the  equivalency  of  the 
Gaussian  neasures  P and  P,  it  is  necessary  and  sufficiently  in  order 
that  the  difference 

*(?'.  <P")  - B («p'p  <p")~  W.  <p"). 

as  functional  during  the  appropriate  functions  <p'(\)<p"(n)e  Ltxt(F  X F), 

would  bs  continued  to  linear  continuous  functional  on  hilbert  space 

Ltxt(FX  F). 

Ftxt(F  X F). 

Let  us  turn  to  hilbert  space  l.ry  t(F  x A',),  deternined  analogously/, 
with  the  scalar  product 

ftp.  'i’Vvr,  - J [ rp(*.  )0  F (dk)  F,  (dp) 

conp.  (2.22)).  Is  easy  to  see*  *.  that  under  condition  (1.27) 

(2.20) 

POOTWOTE  •.  It  is  useful  to  note  what  /.ry  rtr  x n is  functional  nodel  for 
the  hilbert  space  of  values  v(<  *•”)  on  the  product  Q x 0,  which  is 
the  closing/shorting  of  the  values  of  the  forn 

T)  («'.  ft)”)  - V Sk)  | ,t) 

*.  I 

on  the  scalar  product  of  the  forn 

J J Ti,  («>',  m")  ii,  (w'.  »")  P (rf(o')  x P (dm") 
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r|  ((o',  (o") 

Specif ical ly,f  to  values  indicated  they  correspond  to 

function  * (X,  p)  fora  (2.21)  and 

| (*  r)i  d>")  r|»  («)'.  (o")  P (rfco'l  X P (d(o")  *«  («fi.  <r,)FXF. 


It  is  analogous 


r) i ((o',  (o")  r|j  ( (o',  (o")  P (do)')  X P i (dm")  *■  ((pi.  ([~,)F  v Fi. 


Condition  (1.27)  leans  that 

J (n  ((o)i*  P (,/(o)  x | [n  ((•»)]»  p,  (do>) 

for  any  values  of  fora  )i  («•>)  - ^ r*|  («,  /*). 


Page  124. 


Therefore  under  condition  (1.27) 


•I’llpxF-  J P(dw")  J 

Xj*  P(d<o")j 


V 

jU 

I * 


I c*/S  (“".  */) 


I (w',  •;&)  P <(/<•>")  X 


f!V 

h 


V 

/ 


c*/l  «0",  //) 


12  2 
I ((O',  Sk)  I P|  (dm')  =iKpilfxp,. 


<j  J 7 stoT  £ 

with  ?e/,ryT.  This  relationship/ratio  shows  that  the  hilbert  spaces 

LrxriF  x F)aad  LTxt{F  x F,)  coincide: 


I-txt(F  X F)  = I.txt{F  X F 


whereupon  relationship/ratio  itself  (2.26)  is  correct  with  all 


<T  e Fry  i <FxF)  {$*=  Ltxt(F  X F ,)). 
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Obviously,  under  condition  (2.26)  functional  b (#»,  l")  of  for» 
(2.25)  is  continued  into  linear  continuous  functional  on  hilbert 

space  LrxT^FxFf)  and  let  us  present  in  the  fori 

fi  (cp',  V')  = <q>y\  \p)f  x f|.  (2.27) 

where  '(’(A,  n)  - the  detenined  cell/eleient  froi  LrxTiF  X Ft). 


Analogously  under  condition  (2.26)  froi  representation  (2.27) 
escape/ensues  the  representability  of  functional  b (♦*,  #")  by 
fonula  (2.25).  But  froi  relationship/ratio  (2.27)  escape/ensues  also 
condition  itself  (1.27),  but  together  with  it  and  condition  (2.26). 
Specifically,,  since  for  any  cell/eleient  <p et* 

b (tp,  <p)  = II  <P  Ilf  - II  <p  |£,  = (q>  (1)  q>  (m).  i|>), 

tnAt 

II  <P  if,  - II  «P if,,  | < II  <n (A)  mi PXFMhxF- 

= ih'  11,11  <p  II,,  II 'I’ll,* 

It  is  evident  that  if  ll'pll,->0,  then  also  II  <p  II,, -*■  0,  and  vice  versa. 
Consequently,  the  introduced  previously  operator  A froi  LT(F)  in  Lr(F,) 
is  continuous  and  has  the  continuous  inverse  operator  A-».  But 
this  (see  (2.15))  it  is  equivalent  to  condition  (1.27). 


Thus,  if  in  theorei  5 space  LTxt{F'xF)  to  replace  by  Lt*t  (F  x 
Ft),  then  further  condition  (1.27)  is  lade  automatically.  It  is  lore 
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precise,  occurs  the  following  assuaption.  *. 


FOOTNOTE  1 . In  another  fora  theorea  6 and  siapler  theorea  2 were 
proposed  by  Parzen  (for  exaaple,  see  E Parzen,  Probability  density 
functionals  and  reproducing  kernel  Hilbert  spaces,  "Tine  series 
analysis",  ed.  H Rosenblatt,  H.J. , 1963).  ENDPOOTNOTE. 


Page  125. 

• ' » 

Theorea  6.  For  the  equivalency  of  the  Gaussian  aeasures  P and  Pt 

it  is  necessary  and  sufficiently  in  order  that  the  difference 

b(<r',  <p")  = fl(q/,  <p")  - fl,  (t',  <p"), 

(as  functional  during  functions  <r'(A.)«p"40  s /.nrv  r,  would  be 

continued  to  linear  continuous  functional  on  hilbert  space  I-tx  t(F  x /•',). 


((3.  General  conditions  of  equivalency  and  fornula  for  the  density  of 
equivalent  distributions. 


Let  P and  P(  be  Gaussian  aeasures 
all  values  C (t|,<e7\  stationary  (with 


in  r-algebra  ?i (D,  generated  by 
respect  to  seasure  P)  randoa 


— 


' 


\ 


1 
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process  € (t);  T is  an  arbitrary  soltitude  on  real  straight  line. 

Let  as  consider  first  the  case,  when  these  seasures  differ  only 
in  terns  of  the  average  value 

o(0-M,6(0 

(nore  precise,  whan  P«t  = P - see  theoren  2). 


Theoren  7.  The  Gaassian  measures  P and  Pt  are  equivalent  in 
v-algebra  91  (D  when  and  only  when  the  average  value  a (t) 
allow/assunes  spectral  representation  of  the  forn 

n(l)=  I"  (>.)  F (dX)  (3.1) 

with  T,  where  is  certain  function,  which  satisfies  condition 
J M>(A)l*F(i/A.)  < ••  Par  equivalent  neasures  integral  equation  (3.1)  has 
solution  <| ’(A)e/.r(F)  and  density  p (u)  * pt  (dw)  /P  (dw)  can  be 

described  by  the  fornula 

p(co)=/)exp|  | (A)  <I>  (dA)  | , (3.2) 

where  H'(A)  - the  solution  to  equation  (3.1)  fron  space  iT[F),  a D - 

...  , 

nornalizing  factor,  D * e 2 


(Here,  as  before  F (dA)  - spectral  neasure,  «I» (<7A.)  - the 
stochastic  spectral  neasure  of  stationary  process  f (t) ) . 


r 
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Proof.  According  to  theorea  3 for  a equivalency  P and  Pi  it 
is  necessary  and  sufficiently  in  order  that  would  occur 
representation  (3.1)  with  function  ’i’W  frou  Hilbert  space  LT(h- since 
on  the  strength  of  the  coapleteness  of  eet  of  fonctioas  ip(i)  = ca'.  /e/\ 
this  is  equivalent  to  relationship/ratio  (2.13).  Further,  if 
relationship/ratio  (3.1)  occurs  for  any  function  V’U)  froa  Hilbert 
space  all  integrated  squared  functions,  then  it  occurs 

also  for  certain  function  iM A.)  froa  space  l-T(F)  - the  projection  of 
cell/eleaant  V(A)  on  subspace  -r  (F)  ^ (F),  since 

with  all  f^r  (ahaa  ea»sLr(F))> 

Let  us  consider  now  equivalent  neasures  P and  p,  and  let  us 
turn  to  their  density  p (w)  * P, (dw)/P (rfu).  Let  us  sales t the 

full/t ota 1/c on plate  orthonoraalized  set  of  functions  #,  (A),  (X), 

•m.e=l.r(F)  A let  us  consider  densities  P»(®)-  P, (rfto)/P  (do»)  in  v-algebra  ?(„, 
each  of  which  is  generated  by  the  appropriate  values  k * 1, 

...,  n,  fora  (1.20).  As  has  already  been  indicated  previously  see  p. 


j 
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0.  E«  D • 

Let  as  now  wove  on  to  Gaussian  leasur  es  p and  P,  in  #- algebra  %(T) 
with  zero  average  values  and  arbitrary  correlation  functions. 

Let  us  turn  to  space  H,  (t)  , together  with  other  spaces  H„\T) 
introduced  in  §5  of  chapter  1.  This  space  H,  (7)  is  the  locked  linear 
closure  of  all  values  /),  i,  /er 


Let  us  consider  everywhere  the  dense  in  Hz  (T)  linear  space  of 
all  (represented  in  sysaetrical  fora)  values 

,|=  /,)j  {A.Z) 


(with  synnetrical  real  coefficients  ck,**ch%  k,  j~  1,2,...)  _ the 

linear  closure  of  values  f (s)  f ( t)  - B (s#t)  . Taking  into  account 
foraula  for  torqua/nonents  (see  foraula  (5.10)  chapter  X) 
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for  any  values 


* - Sc;, [!(/») *(/,)- n {tk,  /,)] 


n'«Z  ',)] 

*»  /« 


the  fora  in  question. 


Page  128. 


If  ve  introduce  stochastic  aeasure  '•'(</!.  d\ i),'  after  placing 


M' (A,  X A,)  = <I> (A,)iP (A,)  - F (A,  f|  A,).  (3.5) 


that  easy  to  see  that  each  of  the  values  of  fora  (3.3)  can  be 
represented  the  foraula 


n = J / (i,  n)  v (d\,  dn), 


vhere 


<p(*.  (.(-Sv'M. 

».  i 
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Pro*  foraula  (3.4)  we  obtain,  that 

M'lV  = 2 J JV  (A,  ^)^Tn)  F (dk)  F (d\i)  = 2 V,  y")F  x r 

(3.8) 


where 


q/(X,  p)  - 2 c’kle  (U* 


*.  / 


and 

<pw(x. 

*.  / 1 

Pro*  relationship/ratios  (3.6)  - (3.8)  it  is  evident  that  to 
convergent  series  ni.  >)2 . ...e//2  corresponds  by  foraula  (3.6)  the 
convergent  series  of  functions  <p,,  <p  v . . . e LTXT(F  x F).  thus,  any  value'll//!. 

as  liait  of  certain  sequence  of  values  ni-n?.  •••  fora  (3.3), 
represented  by  foraula  (3.6),  where  function  <p(A.,  |i)e  LTy  t{F  X F)  is  the 
liait  of  the  corresponding  functions  #, , #*,  ...  fora  (3.7),  and  for 

any  this  function  </ 1 A,  foraula  (3.6)  deteraines  certain  value 

il  Hi(T)- 

Page  129. 


Theorea  8.  Gaussian  a e as  a res  P and  P,  (with  zero  average 
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values)  are  equivalent  in  «-algebra  '■<(/')  shea  and  only  when  a 
difference  correlation  the  functions 

Ms.  t)^  B (s.  0-  B\(s,  t) 


represented  in  the  fora 

b (s,  /)  - J [ e-1  «*-'*«♦  (1.  (0  F (<lk)  F,  (rt\0  (3.9) 

with  s,/er,  share  the  function  is  such,  that 

J f |*(X.  n)FF(rfX)F,(rf|i)<oo. 

For  equivalent  aea suras  p and  P,  integral  equation  (3.9)  has 
solation  n)s£rx  r(F  x F,).  Density  (co)  = P,  (r/o>)/P equivalent 
aeasures  can  be  described  by  the  foraula 

p(e)  = Dcxp j -jJ  j q,(X.  n)'lf(,/x,  d, i)},  (3.10) 

where  ^(x,  n)  - the  solution  to  equation  (3.9)  froa  space  Lj  x t(F  x F,). 
and  D - noraalizing  factor. 

Proof,  since  the  functions  <r(l.  i»i  ■=>  /e  f,  fora 

f ull/t  otal/coaplete  systea  in  hilbert  space  (•rxrff  XF  i), 
relationship  (3.9)  sith  t (A.,  >»)e  JLrx  r(F  x Fi)  is  equivalent  to 
relationship/ratio  (2.27),  which,  according  to  theorea  6,  indicates 
the  equivalency  of  Gaussian  aeaeeres  P and  P,.  Bat  if 
relationship/ratio  (3.9)  occurs  for  certain  function  M*.  M froa 
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hilbert  space  all  integrated  squared  (relative  to  F (<l\)  x /•',  (dp)  ) 

functions,  then  it  it  occurs  also  for  certain  functions  'M*.  n)  - the 
projection  of  cell/eleaent  'M*.  n)  on  subspace  Lt*  t(Fx.F\). 

Let  us  consiier  nov  equivalent  neasures  P and  P,.  Let  us 
select  everywhere  dense  in  set  T the  sequence  of  points  tt , t*  .... 

It  is  obvious,  value  k » 1,  2,  ...,  fore  full/tota  1/coaplete 

systen  in  hilbert  space  LTyF). 

Page  130. 

Let  us  consider  densities  P*  (<■>)  =*  pi  (</«)/P  (do)  on  in  «-algebra  <j(  each  of 
which  is  generated  by  values  rj*.  k=\ n.  By  foraula  (2.1) 

lOR  pn  (to)  = Ml0g  />„  - y V [6  (/*>£(/,)-  B(t„,  /,)]. 

*.  /-I 

(3.11) 

where  { c„, ) thera  is  a difference  in  the  aatrix/dies,  reverse  to 
correlation  aatrix/dies  J/)i  and  {&(!»<  I /))•  The  corresponding  values 

n 

^ (•) = t 2 t c„,  it  (/*)  i (tf)  - n (/*,  /,)], 

figuring  in  foraula  (3.11),  belong  to  space  Hx  (T)  and  represented  in 
the  fora  (3.6)  : 

*)».  “ J J (1.  p)  'l'  (dK  dp),  (3.12) 

where 
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It  is  easy  ta  check  that  each  of  the  functions  t|>„(A,  p)  satisfies 
equation  of  type  (3.9)  : 


\ e~‘  (A,  it)  F (dX)  F{  (dfi)  = b (s,  t ) (3. 1 4) 


with  / t 

matrix  fora: 


In  fact,  this  equality  can  be  rewritten  in  the 


where 


and  issediately  evident  that 


[B(lk,  t,))(ckl)  = {/?(/*,  /,)}{£?,(/„ 

{B(U.  <,)}{c»/){B,(/*.  /,)}  = 

= {/?(/*.  //))-{«,(/*.  /,)}-{*(/*.  /,)}• 


Equality  (3.14)  can  be  rewritten,  also,  in  the  fori 

(<P.  Vn)F  x F,  “ b (S.  /),  S,  t <=  rn. 


r,  - {/ /„},  • «T  (1.  tO  = e‘  s.  t e r„. 


I 
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It  is  clear  that  with  a ^ n the  fuactioa  'I'mlA,  P)  coiacides  with  the 
projection  of  celL/eleaeat  ^(A,  p)<=  LTX  T (F  X F{)  on  subspaca  Lt„  * t,„(F  x F,), 
so  that 

li  '!’*  ~ H’m  II’  x p,  ” II  'I’m  Ilf  x F , ~ H 'I'.i  Ilf-  y p,  0 

with  a,  n — * •,  since  sequence  '* '•'« Hr x h.  n * 1,  2,  turns  out  to 

be  aonotonically  decreasing  (and  bounded  below  by  zero)  and  there 
exists  Halt  li'n  'T„  1 It  is  clear  also,  that  since  the  hilbert  space 

Ltxt(FXF  ,) 

* coincides  with  the  closing/shorting  of  the  being  widened 

spaces  Lt„xt^F  X F,),  « = 1,2 whereupon  each  of  the  f unct  ions  \j'„ (A,  ji) 

in  relationship/ratio  (3.14)  it  is  the  projection  of  cell/eleaent 

>HA,  p)  e Lt  x t (F  x fi)  f roa  equation  (3.9),  and  liait  ^l^in  ^(A,  p)s  irx  r X /•() 

possesses  those  property  that 

'I'  (A,  n)  = lim  \|'rt  (A,  |i). 

n ->  nr 

This  indicates  that  values  i]„  fora  (3.12)  figuring  in  foraula 
(3.11),  converge  in  aean  to  value 

n = | | iji(A,  p)'P(rfA,  f/,i)e//2(n. 

Earlier  it  was  shown  (see  (1.33)),  that  for  equivalent  aeasures  there 
is  the  liait 


lim  M log  p„. 
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Thus,  the  ua  It  nova  density  p(®)  = P,  (rf«o)/P  (rfm)  ia  #- algebra  <(  (T)  can 

b*  d*t*raia*d  fro*  asyaptotic  relation  (1.3*): 


logp(w)  = I ini  M log/i„  + litn  [log/>n  - M log/),,]  - 

n -*  oo  n -*oo 

= lim  M log  pn  — 4-  lim  r|„  (co)  = 


> lim  M log  pn  — j lim  | i|'„  (A.,  |i)  (elk,  dp) 

n ->  oo  n-+  ct>  *■  * 

■ log  D — -j  ) ) (*.  i‘)'lr  (dk,  rill), 


that  also  it  gives  to  as  forsale  (3. 10) . 


Pdye  17  2 


§4.  Further  studies  of  equivalency  conditions 

1.  Gaussian  measures  which  differ  by  the  mean  value. 

Let  us  turn  to  equivalency  conditions  of  Gaussian  measures  P and  Pj 
in  o-algebra  ?l  (T)  established  in  theorum  7.  Let  us  examine  the  case 
where  the  spectral  measure  F(dx)is  absolutely  continuous  and  has  a 
limited  density 

f M ” ~dT~ ' 

For  the  equivalency  of  Gaussian  measures  P and  which  differ 
only  by  the  mean  value 

o(/)  = Mi|(0f  teT,  (4.1) 

it  is  necessary  and  sufficient  for  the  function  a(t)  to  permit 
presentation  of  the  form 

“(0=  f e~IMyp(K)f(K)dK,  tf=T,  (4.2) 

where  i|»(x)  - some  function  which  satisfies  the  condition 


(see  theorum  7). 
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We  assume 


<pw-+wm).  h.3) 


The  right  side  in  formula  (4.2)  determines  some  function 

a (/)  = C e~a'<p  (A)  -«»</<oo,  (4.M) 

which  coincides  with  teT  with  the  mean  value  (4.1),  in  which  re- 
gard function  ♦(a)  of  the  fon?  (4.3)  can  be  Integrated  in  a square 

J I <p  (A)  P rfA  ^ C J | (A)  Is  / (A)  c/A  < oo 

with  f ( A ) <C . 


This  shows  that  the  function  determined  by  formula  (4.4)  a(t), 
is  integratable  in  a square,  and  $(A)  is  its  Pourier  trans- 


form: 

/ 33, 


As  is  evident  from  formula  (4.3),  the  function  $ ( A ) itself  is  not 
only  integratable  in  a square  but  it  also  satisfies  the  condition 

(,.6) 

Next,  let  us  assume  that  the  function  a(t),  /<=7\can  be  ex- 

tended to  the  entire  real  straight  line  -«><t<«  in  such  a way  that 
its  extension  will  be  integratable  in  a square  by  the  function 
a(t),  -®<t<”  whose  Fourier  transform  satisfies  condition  (4.6). 
Then,  with  all  t 


a (t)  = j e-w«p  (A)  dA  = f (A)  f (A)  dA, 


where  the  function  W = q>(A)// (A)  satisfies  the  condition  Jl'l,MPMA)dA< 
Prom  theorum  7 this  signifies  the  equivalency  of  Gaussian  measures 
P and  P^. 

Thus,  the  following  result  has  been  established: 

Theorum  9.  For  the  equivalency  of  Gaussian  measures  P and  Pj_ 
it  is  necessary  and  sufficient  that  function  a(t),  / e r (mean 

value)  can  be  extended  to  the  function  a(t),  -«<t<-  which  is 
Integratable  in  a square,  whose  Pourier  transform  would  satisfy 
condition  (4.6). 


PAGE 
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Next,  we  will  consider  that  set  T is  a final  segment  on  a 
real  straight  line  (let  us  say,  T*[0,  t]). 

Let  us  consider  the  spectral  densities  f(X)  which  satisfy  the 


condition 


or  the  condition 


/(*)<*(! +1V 


fW>k(\  +\*rn,  (4.8) 


where  K and  k - some  positive  constants  f»ee 


Page  73f. 


p.  3 of  this  paragraph)  are  coason  for  the  case,  when  spectral 
densities  they  satisfy  only  the  condition 


/ (x)i  a,  i2n  < °° 

X-P«> 


or  the  condition 


lim  /(JD|X|*">0. 


Theorea  10.  At  spectral  density  f (X)  of  type  (4.7)  for  the 
egai valency  of  Gaassian  aeasares  P and  Pi  it  is  necessa ry  that  the 
finctioa  a (t)  (average  value)  would  have  on  the  segaeat  T ■ [0,  rj 
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absolutely  continuous  (n  - l)-th  derived  a(B_1,(0  suck*  that 

”{[«'"»  (/)!*<//<  oo.  (4.11) 


At  spectral  density  f (X)  of  type  (4.8)  the  condition  indicated  is 
sufficient  for  a equivalency  P and  ph 


Proof.  It  is  obvious,  under  condition  (4.7)  the  satisfying 


relationship/ratio  (4.6)  function  * (X)  is  such,  that 


J (i  +iA.nji(fW  <°°. . 


and  with  any  a = 0,  1,  ...,  n - 1 


J 1X|"HP(X)I</X< 

< [ J ( ] '"  [ J ( 1+ 1 1 IT  1 9 W P 


consequently,  the  function 


a{t)~  J <?-u'<p(A.)rfA. 


has  n - 1 derivatives.  Let  us  show  that  (n  - 1)  -#•  derivative 


f,(«-n(/)=  j'  (- 


is  absolutely  continuous,  vhereupon  is  satisfied  condition  (4.11) 


i 


Page  135 
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Por  any  nonintersecting  intervals  U*. /t  + ,).  k ■ 1,  2,  ve  have 


J 


I '(-i  ik)e~'KI  dt 


(—  ik)"  \(k)dk  — 

( - ik)"~'  <p  (A.)  dk  = 


» (* 


’ q»A  (X)  ( — /X)“  <p (X)  rfX.  (4.13) 


where 

<pA(l)  = J e~a,xA(t)dt 

there  is  a Fourier  transfora  function  %^(t)  - the  indicator  of  set  A==U(/*'/*+i 

k 

Is  obvious,  on  the  strength  of  condition  (4.12) 

4 

I £ [a<"~ I < 

* * • 

<[j  |XAW|2^f[|  |XI2"lq»WI*dif  < 

<c[J  Ijfcioprfff-Ck* 
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$,0  l* 

where  C - certain  constant*  and 

6 =■  (/*+!  — tk)y 

k 

that  also  it  proves  the  absolute  continuity  of  function  is 

obvious  also  that  its  derivative 

„(«!(/)=.  J (-/X)"e“'x' 

(determined  with  alnost  all  t)  coincides  with  Poerier  transfora  the 
integrated  squared  function  (—<*)" <rW  and  therefore  satisfies 
condition  (4.11). 

Page  136. 


Let  now  spectral  density  f (X)  satisfy  relationship/ratio  (4.8) 
and  is  carried  out  condition  (4.11).  It  is  obvious*  function  a (t)  it 
can  be  continued  f roe  segaent  T = [0*  ▼ ] to  entire  real  straight  line 
in  such  a way  that  it  would  have  (n  - 1)-th  absolutely  continuous 
derivative  a,n-"(t)  and  would  be  converted  in  0 outside  certain 
segaent  T'sT,  whereupon  f |n'"’(/)J*d/ < 00 • t«t  us  assune 

After  n-fold  integration  by  parts*  we  have 
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J | A.  |*" | <p  (A)  P rfX  =■  j J [a<">(0]2rf/<«>. 

Consequently,  is  satisfied  condition  (4.6)  and,  according  to  theoren 
Gaussian  leasures  P and  pi  sill  be  equivalent,  Q.  E.  D. 
Gaussian  neasures,  which  differ  in  terns  of  correlation  functions. 
Let  ns  tarn  to  tha  conditions  of  equivalency  of  Gaussian  neasures  P 
and  Pi  on  algebra  '•’*  (F).  establish/installed  in  theoren  8.  Let  us 
consider  the  case,  when  the  spectral  neasures  P (dX)  and  Pt  (dX)  are 
absolutely  continuous  and  have  the  United  densities 
mm  - rmidk  awl  f\  (X)  ■=*  F | (, dk)/dk . 

Let 

bis,  /)'*>  B (s,  t)-  R<  (s,  I),  s.  i&T, 

be  a difference  in  the  corresponding  correlation  functions 

B(s,  /)-  j eiK,,~l)f  {k)dk 

and 

/)-  J (k)dk. 

Page  137. 
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Theoren  11.  For  the  equivalency  of  Gaussian  neasures  P and  pi 
it  is  necessary  and  sufficiently  in  order  that  a difference  in  their 
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correlation  functions  b (s,  t)  . s.  t 6 T,  could  be  continued  into 
the  integrated  squared  function  b (s,  t)  (on  an  entire  plane  - < s. 
t#C«).  Fourier  transfora  by  vhich 


q?  (A.,  n)  = -^  j J*  el(Ks-,ll)b(s,  i)ds  ill 


would  satisfy  the  condition 


J7 


I <T(X.  I*  j „ 
7'(X)  /,  (n)  ^d,i<oo. 


(4.14) 


Proof.  Accor! ing  to  theorea  8 for  a equivalency  p and  P,  it 
is  necessary  and  sufficiently  in  order  that  Enaction  b (i,  t) , >f  t€ 
T , would  allow/assune  representation  of  the  fora 

b{s,  I)  = [ (X,  n)  f (X)/|  (n)r/X  r/|i. 

where  ^(X,  p)  - certain  function,  satisfying  the  condition 

4 

j j 1 (*.  n)  I2  fWf\  (n)  rfft  < oo . 

Let  us  assune 

(f>(X,  |0  = t(i(X,  n)f(\)fi  (|i). 

In  the  case  of  the  liaited  densities  f (X)  and  (,t)  the  function 
which  satisfies  condition  (4.14).  turns  out  to  be  that  which  is 
integrated  squared,  but  its  Fourier  transforn  b (s.  t)  coincides  on 
set  TXT  with  a difference  in  the  correlation  functions  in  question. 
--  so  that  the  conditions  of  theorea  11  are  necessary.  On  the  other 
hand,  if  these  conditions  are  satisfied,  then  is  function  b (s.  t)  . 
s.  t «E  T.  represented  in  the  fora 
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Ms.  <)-  | n)dXdn 

(where  v(*.  p)  satisfies  condition  (4.  14)  ) , and  this  as  it  was 
already  said  above,  indicates  the  equivalency  of  Gaussian  aeasures  P 
and  P|.  The  ore  a is  deaonstcated. 

Let  us  note  that  in  the  case,  when  set  T is  entire/all  real 
straight  line,  function  b (s,t)  is  already  assigned  on  an  entire 
plane  - • < s,  t < • by  the  foraala 

Ms,  0 = j 'j  e-JX<.-#>  1/  (JL)  — /|  (X)l  rfX.  (4. If)) 


Page  138. 

It  is  obvious,  if  the  difference 

f!  (1)  = /(A.)  — /,  (X),  — oo<X<oo, 

is  different  froa  0 on  the  set  of  positive  sensor e,  then 

j"  [ | Ms,  0 1* ds dt  « °o, 

and,  according  to  theoree  11,  aeasures  P and  p,  will  be 
orthogonal.  Consequently,  Oaassian  aeasures  P and  P,  are 
equivalent  in  walgebra  7f(3r)  with  T « , -)  if  and  only  if  they 


DOC  - 77182307  PAGE  XT' 

xt° 

coincide  (when  coincide  spectral  densities  f (X)  and  fa  (X)),  which 
will  be  coordinated  with  an  exanple  on  page  119. 

Subsequently  let  us  exanine  only  the  case,  when  T is  the  final 
segneut  on  real  lines  (let  us  say,  T * [0,  r]),  and  spectral  density 
f (X)  with  certain  n satisfies  relationship/ratio  (4.8).  The  obtained 
below  results  will  be  connon  for  the  case  of  spectral  density  f (X) 
of  type  (4.10)  in  following  p.  3. 

Let  us  note  that  if  spectral  density  f (X)  decreases  faster  than 
any  degree  |Xf2"  (with  X -*  •)  , nore  precise,  if  the  stationary 

process  f (t)  is  Analytical": 


M 


% 
ftl 

*-l 

/ i/i"+i  \*  r 


j 


" i * 


(iTTTir)  . M-i«) 


that  add  it  ion/c  ospleti  on  of  r-  algebra  ?((r)  contains  entire  *-algebra 

H (—  oo,  oo), 

* and,  as  soon  as  which  was  shown  above,  the  equivalency  of 
neasures  P and  pi  occurs  when  and  only  when  P and  Pi  sinply 
they  coincide. 


i 

j 


As  it  was  shown  earlier  (see  Section  1 §1  of  chapter  II),  under 
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condition  (4.8)  the  space  coasists  of  the  whole  analytic 
functions. 

Let  us  return  to  research  of  the  conditions  of  equivalency,  data 
by  theoree  4,  aad  let  as  turn  to  the  appropriate  operator  A = E - A*  A 
in  hilbert  space  lt(F). 

Page  139. 

Leaaa  5.  Let  space  (F)  consist  of  the  whole  analytic  functions, 
and  let  A = E - A*  A there  is  an  operator  of  Cil*berta  - Schaidt.  Then 
is  satisfied  condition  (1.27),  equivalent  to  the  fact  that  the 
operator  A does  not  have  equal  to  1 eigenvalue. 

Proof.  On  the  strength  of  operator's  linitedness  A*  A = E - A we 

have 

(/T/Up,  (f)r  — 1|  <r  l£,  < c ||  tp  II* 

for  all  y(\)el.r{F)  (c  - certain  constant).  Let  us  assune  that  there 
is  eigenfunction  rr(X)e/.ri/i  with  equal  to  1 eigenvalue.  Let<P«i*».  a * 

1,  2,  ...,  certain  sequence  of  functions  froa  l-r<  that  converges  to  # 

Lr(F  ,l 

(X)  in  space  n This  sequence  ia  /,r(f)  converge  to  0: 

li  t«i  Ifc,  - fa*.  <p,)f  - <|£  - A'A\ «r„.  (r„)F  -*  o 

with  n -*  Consequently,  Unit  function  * (X)  is  equal  to  0 with 

alaost  all  X,  for  which  ft  (X)  > 0.  But  then  analytic  function  * (X) 
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is  identically  equal  to  0,  and  this  contradicts  the  fact  that  it 
there  is  eigenfunction.  Lena  is  denonstrated. 

This  result  aakes  it  possible  to  aaplify  theorees  4,  5,  after 
drop/oaitting  in  thea  further  condition  (1.27)  (aore  precise,  this 
condition  is  satisfied  autoaat ically,  if  only  A - E mm  if  A is  an 
operator  of  Gil’berta  - Schaidt) . 


In  turn,  this  aakes  it  possible  to  obtain  the  following  result 
(alaost  repeating  theorea  8): 


for  the  equivalency  of  Gaussian  aeasures  P and  P in 
•-algebra  91  (T)  necessary  and  sufficiently,  in  order  to  difference  b 
(s,  t)  = B (s,  t)  B,  (s,  t)  correlation  functions  would 

allow/assuae  representation  of  the  fcra  (coap.  3.9)) 

b(s,t)=\  j'  n)F(dk)F(d»)  (-1.17) 


with  s,  t T,  where  the  function  <r(l.  i‘)  is  sach,  that 


j J | <r  (*.  p)  I*  F f (<M  < 00 

Hence  easily  is  derive/concluded  (exactly 


(4.18. 

as  theorea  11)  the 


following  result 
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Theory*  12.  Under  condition  (4.8)  foe  the  equivalency  of 
Gaussian  noasuros  P and  P,  in  v-algebra  •'<  (T)  it  is  necessary  and 
sufficiently*  in  order  to  a difference  in  their  correlation  functions 
b (s*  t)  * s*  t T (where  T * [ 0,  r ])  , 1 could  be  continued  into 

the  integrated  squared  function  b (s*  t) , - - < s,  t < ♦ •*  Fourier 
transforn  by  which  would  satisfy  condition  *) 

FOOTNOTE  *.  It  is  clear  that  theorea  12  renains  valid*  when  space  lt  (F) 
consists  of  analytic  functions  (see  Chapter  II).  ENDFOOTIOTE. 


Let  us  tarn  nos  to  condition  (4.19). 
function 

<j(A,  p)**  -^7  | J e"x,~,t,)b  (s,  t)dsdl , 


Let  us  consider  the 

(4.20) 


figuring  under  this  condition  (where  b (s.  t)  is  the  corresponding 
continuation  assigned  on  square  T X T of  a difference  in  the 
correlation  functions) . 
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Let  spectral  density  f (X)  satisfy  relationship/ratio  (4.7) 
Then  froa  condition  (4.19)  it  follows  that 


[ [ (I  + I A.  I")2 ( l + | |i  |")*|  <p(X,  p)  |J  til  dp  < oo  (4.21) 


and  with  any  k,  a = 0,  1,  ...»  n - 1 


II 


M*  I P P I <p  (X*  p)  I </X  dp< 


X | J j (l  +IMT0  +IpDj|«p(X,  p^dldp]'^ 


Page  141. 

Conseqaently , tha  function 

b(s,  /)=  [ j"  e-'!X,-w')<P  (1.  p)  dk  dp 


has  all  derivatives  to  order  n - 1 in  teras  of  each  variable: 

° = J J (_  (1.  p)  ds dt 

(k,  m = 0 n — |).  <• 

di{n  ■'>/>(•'.  i ) 

Let  ns  show  that  the  function  C («,  t)  - is  absolutely 

continuous.  This  aeans  that  C (s#t)  is  tbs  "function  of  distribution" 
of  certain  Borel  absolutely  continuous  neasure  * a (A)  on  square  T X 
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If  1 « 9 • f 

m (A)  = C (.9",  /")  - C (s",  /')  - C (s',  f')  + C (s',  (') 

for  any  rectangla  A = (s»,  J**]  r (t*  t«). 

POOTWOTR  ».  in  other  words,  the  additive  function  of  bounded 
variation  a (A)  it  is  absolutely  continuous  relative  to  Lebegovskaya 
■easure.  E MDFOOTE3TE. 

It  is  easy  to  see  that  for  any  nultitude  A = (JV  which  is  the 

J? 

association  of  the  finite  nusber  of  nonintersecting  rectangles  A*  «=(.?',  s"j 
x (t'k.  /"j.  occurs  the  following  eguality: 

rn(  A)=  | j <PA(X,  n)(—  ik)n(in)"  q-  (X,  yi)dXdn, 

where 

<Pa^<  >0=  f ) c-"x,-ll')XA  (s,  t)ds  dt 

there  is  a Fourier  trausfora  function  xA(s. /)-  the  indicator  of  set 
A (conp.  (4.13)).  on  the  strength  of  condition  (4.21) 

I m (A)|< 

< [ / Jl <*. »‘) |l^^]V,[/J|A.  I2" I M I2" i <p (K  |D  I2 dX dy i j 

<C[J  / 1 XA  (s.  0 12  rfs  f//  j”  Cl  (A)’\ 
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where  X (A)  - is  Lebegovskaya  aeasare  of  a set  A.  It  is  evident  that 
additive  function  n (A)  is  reall y/actu ally  absolutely  continuous 
relative  to  Lebegovskaya  neasure. 

Page  142. 

It  is  clear  that  density  c (s,  t)  = ■ (ds  dt)  /ds  dt  coincides 
with  derivative  (by  existing  with  alaost  all  s,  t € T X 

T) . It  is  obvious,  under  condition  (4.21)  this  derivative  r (s,  /)  = 

is  Fourier  transfora  the  integrated  squared  function  ^ = '*•)"  ('P)" 

<p(X,  p).  aasely: 

- J J ( - ik)n  («>)"  (i.  p)  dk  dp. 


and,  therefore. 


rn^i^i2 

J J I d*"  d!9  | 


rx  t 


ds  dl  < oo. 


(4.22) 


Let  now  spectral  density  f (X)  satisfy  relationship/ratio  (4.8), 
and  a difference  in  the  correlation  functions  b (s,  t)  has  absolutely 
continuous  derivative 


whereupon  is  satisfied 
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condition  (4.22). 


It  is  obvious,  function  b (s,  t)  can  be  continued  to  entire 
plane  • < s,  t < • in  such  a way  that  it  would  ha we  as  before  the 
type  indicated  derivative  and  would  be  converted  in  0 outside  certain 
final  square  T*  X T*  =?  TXT.  Using  a repeated  integration  and  and 
2n-aultiple  iateqratioa  ia  parts,  fcoa  the  foraula 


= I J t)dsdt 


T’x  r 


ve  obtain,  that 


<p(i.  P)"*^r  J J ( s.t)dsdl-  ‘j  . + (A.  p). 

r x ?' 


Consequently, 

m » 

j j’  j A j p ?n  j v (A,  p)  1 \*dk  rfp  - f j 1 1|>  (k,  p)  | 2 dk  </p  < oo, 

— «•  — °e 

whence  for  spectral  density  f (X)  of  fora  (4.8)  escape/ensues 
condition  (4.19)  of  theorea  12. 


Paqe  143. 


Thus,  for  density  f (X)  of  type  (4.7)  froa  condition  (4.19) 
escape/ensues  condition  (4.22),  and  for  a density  of  type  (4.8),  on 
the  contrary,  froa  condition  (4.22)  escape/easaes  condition  (4.19), 
which  aeans  that  the  operator  t in  hilbert  space  Lr(P),  deter siaed 
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by  the  appropriate  function 

b (s,  /)  - (&e‘ks,  eu')f , s,  t s T, 

is  the  operator  of  Wl»borta  - Scheldt. 

Recall  now  that  exaeine/considered  by  us  function  b (s,  t) 
depends  only  on  difference  alternating/war iable  s are  t (see  for.ula 
(t.  15}). 


It  is  clear  that  the  absolute  continuity  of  function  0 

din-1  dt"~' 

(of  the  pa<r  of  the  variables  s.t)  is  equivalent  to  the  presence  2n 
by  1 absolutely  continuous  derivative  b,in-"(t).  0f 

difference 

the  correlation  f.nctions  B and  B,  (t| . condition 

(4.22)  weaning  that 

'/  l^'is-WdsdKco.  (4  23) 

TXT  ' 

In  suaaatioa,  ee  obtained  the  following  result. 

Theorea  13.  For  tbe  equivalency  of  Gaussian  aeasures  ? and 
in  w-alyebra  ■' \7)  la  tbe  case  of  spectral  density  f (X)  of  type  (4.7) 
it  is  aeceMary  that  the  difference  in  the  correlation  functions  b 
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(t)  = B (t)  - Bj  (t)  would  have  in  Interval  (-r,  r)  derivatives  to 
order  2a  - 1,  whereupon  (2a  - 1)  -ft  derivative  <,«"-'>(/)  voald  be 
absolutely  continuous,  and  its  (existing  with  alaost  all  t) 
derivative  b,1n)(t)  satisfied  condition  (4.23).  In  the  case  of 
spectral  density  f (X)  of  type  (4.8)  these  conditions  are  sufficient 
for  equivalency. 


Let  us  note  that,  agreement,  in  the  case  of  a spectral  density 


of  the  type 


/ (X)  X (1  + Xs)" 


condition  (4.23)  is  necessary  and  sufficient  for  the  equivalency  of 

\ 

Gaussian  neasures  P and  P^j, 


FOOT  ROTE  *.  in  connection  with  condition  (4.23)  conp.  the  work  of 
Peldaan  (G  Feld  nan,  Soae  slasses  of  equivalent  Gaussian  processes  on 
an  interval,  Pacif.  J Nath.,  10  (1960)  1200-1220).  ENDFOOTNOTE. 

Page  144. 

Exaaple.  Let  {V  + iP)  ' sbsrs  #*  and  soae  K~  positive 

paraseters.  Tbs  corresponding  correlation  function  is 

B (/) « a2<*"a^i. 


4 
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Let  the  correlation  function  Ba  (t)  take  the  fora 


0,  (/)  = 


l-l/l 

0 


with 


HKI, 
|/|>  i 


(see  Pig.  corresponding  spectral  density  is 


r / \\  I I — COS  A. 


Pig.  1. 


i 

I 

Pile.  I. 


Page  145. 

It  is  obvious,  condition  (4.23)  is  satisfied  (for  n * 1),  if  the 
paraaeters  **,  a and  r are  such,  that  •*«  * 1,  r < 1.  Under  this 
condition  Gaussian  aeasures  ? and  ?t  are  equivalent  in  «-algebra 
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'JI(T),  T =|0,tl.  ft  other  values  •*,  a and  r these  aeasures  vill  be 
orthogonal. 

The  nonintersecting  carriers  of  orthogonal  aeasures  ? and  ^ 
are  described  in  p.  2 §1. 

3.  Soae  spectral  conditions  of  equivalency.  Obtained  above 
condition  (4.23)  shoas  that  the  equivalency  of  Gaussian  aeasures  P 
and  in  «-al9ebra  71  (/)  (ahere  T - any  final  segaent)  depends  only 
on  the  behavior  of  spectral  densities  "at  infinity",  it  is  aore 
precise,  for  spectral  density  f (X)  of  type  ( 4 . 8) occurs 
the  following  sinple  fact. 


Theorea  14.  The  arbitrary  change  f (X)  in  any  finite  interval 
(such,  that  is  obtained  spectral  density  fa  (X)}  it  leads  to  Gaussian 
aeasure  V » equivalent  initial  aeasure  ?. 


Proof.  In  fact,  in  this  case  the  difference  in  the  correlation 
functions  is  Fourier  tcaasforn  the  finite  f section  q (X)  » f (X)  - f, 
<X): 


/>(/)=  gWdk,  ('4-2r,» 


it  has  derived  all  orders  so  that,  in  particular,  for  any  final 
segaent  T is  satisfied  the  condition  of  equivalency  (4.23)  . 
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This  nkes  it  possible  to  spread  the  obtained  previously  results 
for  the  case,  when  spectral  density  f (X)  satisfies  lore  weakly  than 
(4.8),  condition  (4.10): 


Jim  / (X) | X P"  > 0. 

X-b  « O 

For  exaaple,  theorea  9 can  be  intensified  ns  follows. 

Theoren  15.  At  spectral  density  f (X)  of  type  (4.10)  for  the 
equivalency  Gaussian  neasures  P and  P,  differing  in  terns  of  the 
average  value  of  a (t)  , t € T (where  T is  certain  segnent),  it  is 
necessary  and  sufficient  in  order  that  function  a (t) , t e T,  could 
be  continued  into  the  integrated  squared  function  a (t) < t < -, 
Fourier  tcaasfora  by  which  with  any  1 < • satisfies  the  condition 

j — (/X  < oo.  (4.26) 

U I > R 

Page  146. 

Proof.  Let  i (X)  satisfy  condition  (4.8)  and  coincides  with  f 
(X)  with  |x/>  k.  Let  P there  is  a Gaussian  aeasure  with  zero  average 
value  and  spectral  density  f (X)  . As  it  was  shown  above,  neasures  P 
and  P were  equivalent,  so  that  equivalency  P and  P was 
equivalent  equivalency  Pk  and  P.  But  according  to  theoren  9 for  a 
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equivalency  and  ^ it  is  necessary  and  sufficiently  condition 
(4.6) : 

oo 

f lew  I1,,  ^ 

J hk)  dK<°°’ 

— *y* 

which  on  the  strength  of  the  relationship/ratio 

/MX  I 

equivalent  to  the  condition 


j WrfX<0°- 

|XI>R 

that  also  it  gives  to  us  condition  (4.26)  , since  f (X) 
> H.  Theoren  is  denonstrated. 


f (X)  w it  h | x\ 


Let  us  consider  spectral  densities  f (X)  , that  satisfy  weaker 
than  (4.7)  , to  condition  (4.9): 

ITm  IM ixr<°°. 

X -4  no 

Any  this  density  f (X)  coincides  with  certain  density  £ (X)  of  type 
(4.7)  with  sufficiently  largely 

fM~/M  n»)4K|Xl  >R. 

Page  147. 

Using  the  sane  net  hod  with  the  introduction  of  the  corresponding 
Gaussian  neasure  ^ that  a in  the  proof  of  theoren  15,  it  is 
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possible  to  as  follows  generalize  theoren  10: 

condition  (4.11)  is  necessary  for  the  equivalency  of  Gaussian 
■ensures  V and  P\  if  spectral  density  f (X)  then  so  that  it  would 
satisfy  re lationsh ip/ratio  (4.8)  and  would  coincide  with  f (X)  with  IX' 
> R.  It  is  clear  that 

condition  (4.11)  is  sufficient  for  the  equivalency  of  Gaussian 
■ensures  P and  P|  if  spectral  density  f (X)  satisfies 
relationshipA*tio  (4.10). 

Let  us  turn  now  to  Gaussian  measures  ? and  P i with  zero  lean 
values  and  spectral  densities  f (X)  and  ft  (X)  , fro*  which  f (X)  is 
liaited  and  belongs  to  type  (4.10). 

It  is  analogous  with  that,  as  this  was  done  above,  let  us 
consider  Gaussian  neasure  V with  the  liaited  spectral  iansity  f (X) 
of  type  (4.8),  which  coincides  with  f (X)  outside  any  interval  \ XI  ^ B. 
The  Gaussian  neasures  ? and  P are  equivalent,  so  that  the  initial 
■easures  P \ and  P will  be  equivalent  when  and  only  when  this  sane 
property  will  possess  neasures  Pv  and  p.  For  the  equivalency  of 
Gaussian  neasures  Pt  and  p it  is  necessary  and  sufficiently 


condition  (4.19): 
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where  ^(X,  n)  there  is  a Fourier  transfora  of  certain  continuation  of 
the  fvaction 

b (s,  o - J 1/  (X)  - u (X)l  dK  t e T. 

Since  fWX  I with  VN<  R and  f (A)  = f (\)  with\x|>  B,  this  condition 
is  aqaiwaleat  to  the  fact  that 

j’  I Ji^TTTT -dkdn<™. 

J J /(MM  l*> 

|\|>R  llM>« 
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But  function  b (s,  t)  with  s,  teT  differs  fro*  the  function 

b(s,  /)  = 

only  in  teras  of  the  tern  of  the  fora 

Since  difference  f(A,)-f(A.)  is  converted  in  0 with  \X\ >R,  the 
function  c (s,  t)  is  infinitely  differentiated  and*  obviously, 
allow/assuaes  this  continuation  froa  square  T x T,  for  which  the 
Fourier  transfora  ti)  satisfies  the  condition 

f | |li  ( ll  i i '(’(A,  (i)  / d\  d/i  < <», 

where  n is  the  saae  as  in  relationship/ratio  (4.10).  It  is  clear  that 
if  the  function  <r(*.  n)  satisfies  condition  (4.27),  then  the  function 

(p  (l.  |i)  = <r(*.  n)  + '!’(>•.  i*). 

being  the  Fourier  transfora  of  the  proper  continuation  of  the 
function 

h {s,  t)  = b (5,  /)  + c (s,  /),  £•,  / <=  T, 

will  satisfy  the  condition 


J 


I * I > R I H I > R 


UDIUTT 


(4.28) 


and,  on  the  contrary,  if  certain  continuation  of  function  b (s,  t) 
has  Fourier  transfora  «p (A,  #*),  satisfying  condition  (4.28),  then 
thereby  property  will  possess  function'll  (s,  t) , i.e.,  Gaussian 
aeasures  p,  and  P will  be  equivalent. 

He  obtained  the  following  generalization  of  theorea  12. 

Theorea  16.  Under  condition  (4.10)  for  the  equivalency  of 
Gaussian  aeasures  P and  Pi  in  w-algebra  ?i(7')  (T  is  any  final 
segaent)  it  is  nacessary  and  sufficiently  in  order  that  a difference 
in  their  correlation  functions  H*. /),  could  be  continued  into 

the  integrated  squared  function  b (s,  t) , - - < s,  t < -,  Fourier 
transfora  'H*.  i‘)  by  which  would  satisfy  condition  (4.28)  with  any  R. 

Page  149. 

Hence  easily  it  follows  that  theorea  13  occurs  not  only  for 
spectral  densities  f (X),  that  satisfy  appropriate  conditions  (4.7) 
and  (4.8),  but  also  for  wider  type  densities,  which  satisfy 
corresponding  conditions  (4.9)  and  (4.10).  Specifically, 


A 


at  spectral  density  f (X)  of  the  type 
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0 < Ihn  f (A,) | A i2™  < iim  / (A) | A |2"  < oo  (*1.29> 

condition  (4.23)  is  necessary  and  sufficient  for  the  equivalency  of 
Gaussian  neasures  P and  P,  in  «-algebra  91  (T). 

Any  spectral  density  f (X)  of  type  (4.29)  is  such,  that 

f(*)XI<p(A)l2  (4. .10) 

with  the  sufficient',  large  |A|,  where  ip(Vl  is  a Fourier  transform  of 
certain  integrate!  squared  finite  function: 

qp  (A)  = J eix,c  (/)  ill 

(c  (t)  * 0 outside  certain  finite  interval).  Moreover,  we  will  show 
below  that  condition  (4.30)  satisfies  any  density  f (X),  such,  that 
with  certain  r > 1 

0 < [im  f (A)  | A f < Rm  f (A)  | A|r  < oo  (-1.3 1 ) 

A.  -*  oo  X -►  OO 

(recall  that  f (X)  - the  integrated  function)  . 

In  fact,  the  product  of  any  functions  of  type  (4.30)  again 
belongs  to  this  type,  since 

MA)MA)  X i Ti  (A)q'j(A)  |2. 

where 

Ti  (A)  q>2  (X)  = J eat  |c,  (/)  • c2  (/)]  dt 
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there  is  a Fourier  transfers  the  finite  function 

ci  (0  • Ci  10  = J Ci(t  — s) c2 (s) ds, 

by  the  being  fold  of  the  corresponding  finite  functions  c,  (/)  and  cj(i). 


Page  ISO. 

Therefore  it  suffices  to  show  that  type  (4.30)  includes  all  the 
functions  f (X),  that  satisfy  condition  (4.31)  with  0 < r < 1.  Let  us 
assuse 

<rU>  = j e,u  i t r'dt  = 2 |"  cos  U • tr~'dl. 

-a  (; 

During  the  replacasent  Xt  * u,  we  obtain,  that 

Kh 

<p(l)  = 2k  r ) cos  it  • t/~'  du  ~ k\~r 

0 

(with  X — > •)  , since  there  is  the  liait 

t 

If  = I i m ) cos ii  • ur~l  du  (0<r<l). 

0 

It  is  evident  that  for  spectral  density  f (X)  of  type  (4.31) 
occurs  relationship/ratio  (4.30). 

Theores  17.  At  spectral  densities  of  type  (4.30)  for  the 
equivalency  of  Gaussian  seasures  P and  Pi  is  •- algebra  (T)  (where 
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T is  any  final  sequent)  it  is  sufficient  in  order  that  the  function 

h (X)  = {K) 

with  which  [or  F < • would  satisfy  condition  » 

j | //  (X)  |2//x  < oo.  (4.33J 

FOOTHOTE  ».  Let  us  note  that  if  h (X)  — > 0 with  X •,  then 

together  with  spectral  density  f (X)  to  type  (4.30)  belongs  spectral 
density  f , (X) , 

/,<X)XMA) 

with  sufficiently  large  X.  ENDFOOTROTB. 


Proof.  Let  us  consider  first  the  case,  when  the  function 


/.  1 1 \ / ^ A ) f i i K t 

U /tJU 


is  integrated  squared  and 

/(X)  = | <f>(X)  P. 

where  <r(X)  is  a Fourier  transfors  certain  finite  function  c (t)  . 
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Let  us  find  this  continuation  of  a difference  in  the  correlation 
functions 

b(s,  0-  / ca,'~nli  (A.)  f (A)  (IK, 

for  which  it  will  be  carried  out  condition  (4.19)  of  theorea  12. 

Osin?  the  fact  that  the  Fourier  transfora  of  product  coincides 
with  the  fold  of  the  transforas  of  factors,  we  obtain,  that 

b (s-  = J J « («  - V)  c(s  — u)  r (7  - U)  (III  dr, 

where  a (t)  there  is  a Fourier  transfora  function  h (X)  . In  this 
representation  of  function  b(s.t),  s,  le  i.  the  finite  functions  c (s  - u) 
and  c (t  - t)  are  converted  in  0,  when  alternating/variable  u and  v 
lie/rest  outside  certain  final  segaent  T* , so  that 

b{s,  I)-  j | a (u  — i>)  c (s  — u)  c (t  — v)  du  dv,  s,  I e 7 . 
r'x  r 

Let  us  select  this  continuation  a (u , v),--  < u,  v < -,  function 
a(u-v),  u,  i>  e f',  erler  that  on  an  entire  plane  function  a (a,  v)  would 
be  integrated  squared,  and  let  us  designate  i>)  its  Fourier 
transfora.  With  all  s,  t let  us  deteraine  function  b (s,  t ) ,--  < s,  t 
< -,  after  assuaing 

Ms.0=j  J a (u,  v)c(s  — u)c(t  — v)du  dv,  — co  <s,l<  <». 


It  is  obvious,  with  s.  teT  it  coincides  with  a difference  in  the 
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correlation  functions,  and  its  Fourier  transform 

<p(X.  |i)  = i|i(A.,  I q>  (A.)  |a 

satisfies  condition  (4.19).  Thus,  in  the  case  in  question  the 
Gaussian  measures  P and  P,  are  equivalent. 


Let  us  consider  now  the  arbitrary  density  f (X)  of  type  (4.30), 
after  assuming  temporarily  that 
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It  is  clear  that  with  sufficiently  large  X (let  us  say,  \k\>R) 
spectral  density  f (X)  is  such,  that 


KDXlW and  l(X)^!(K), 


where  f (X)  - exaained  above  type  spectral  density  / (1)  = I <r(X) I2,  . q(X) 

- Fourier  transform  certain  finite  function.  Without  limiting 
generality,  it  is  possible  to  count  that  f (X)  = f,  (X)  with 
since  any  Gaussian  measure  with  spectral  density  which  differs  from  f 
(X)  only  by  the  finite  interval,  will  be  equivalent  to  the  initial 
Gaussian  measure  P During  this  selection  f (X)  the  satisfying 
condition  (4.32)  function  h (X)  will  be  integrated  squared,  since  h 
(X)  3 0 with  |A,|</?.  Let  us  assume 


DOC  * 77182308 


PAGE 


M*) -7  (*)  + [/,  (X) — / (x)]. 


It  is  obvious. 


MX) 


MX) -MX) 
' MX) 


= /i(X)-^-X/((i), 
I (A) 


so  that  the  function  h (X)  is  integrated  squared.  As  it  was  proved 
above,  corresponding  to  spectral  densities  T (X)  and  ft  (X)  Gaussian 
aeasures  P and  P,  will  be  equivalent.  Therefore  for  certain 
continuation  of  a difference  in  the  correlation  functions 


b(s , /)=  f e^'«-'»[7(X)-MX)|rfX  = 

= J [/  (X)  — /,  *(X)1  f/X.  s.  IeF, 


the  corresponding  Fourier  transforn  <r(X,  will  satisfy  condition 
(4.28)  : 


and  that  nore  to  the  condition 

j J ^7J^rf^<0O‘ 

IM  > R UM  > R 

since  f (X)  > f (X)  with  |X|># 
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It  is  evident  that  for  the  Gaussian  aeasures  P and  P,  is  satisfied 
the  condition  of  equivalency  (4.23),  that  figures  in  theorea  16. 


For  the  f ull/total/coaplete  completion  of  proof  ve  should  now  be 
freed  froa  the  tiae/teaporary  limitation,  according  to  which  ft  (X)  > 
f (X).  This  can  ha  done,  after  considering  Gaussian  aeasure  P?  with 
spectral  density  f2  (X)  = f (X)  ♦ nax.  [0,  f»  (X)-f  (X)].  Is  obvious, 
f*  (M  > f (X),  f ; (X)  > f,  (X)  and  with  certain  R < • are  satisfied 
conditions  of  type  (4.32): 


U|  > R 


I ('MM-/ 
J l /<M 


(IK  < ■ 


U I > R 


/>IM  — £j  (X) 
/,  (M 


> 2 

I lIK  < oo 


(since  fWXfiW  with  sufficiently  large  X).  According  to  already 

P i 

demonstrated  Gaussian  aeasures  P and  P,,  and  also  Gaussian  measures^ 
and  pt  sill  be  equivalent.  Consequently,  will  be  equivalent  Gaussian 
aeasures  P and  P,.  Theorea  is  deaonstra ted. 


In  conclusion  let  us  note  that  condition  (4.32)  is  very  close  ia 
order  to  be  that  necessary  for  the  equivalency  of  Gaussian  aeasures  P 
and  pi.  Specifically,  as  it  is  actually  shown  in  p.  2^1  this  chapter, 
at  extreaely  general  type  spectral  densities  (4.31) 

Gaussian  aeasures  P and  Pi  will  be  orthogonal,  if  the 


-a.  . 
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( corresponding  function 

h(X)^m^±s!± 

is  such,  that 

lim  It  (\)  K1 2 = oo 

(this  is  the  corollary  of  relationship/ratios  of  the  type  (7.10) 
chapter  I)  *. 


FOOTNOTE  » . In  connection  with  theoren  17  and  condition  (4.33)  conp. 
the  works  of  D.  s.  Apokorin  and  T.  G.  Alekseyev  (D.  S.  Apokorii, 
Gaussovski yes  the  msures,  which  correspond  to  the  generalized 
stationary  processes  theoretical  probability,  and  its  uses,  XII,  No  4 
(1967),  698-707;  T.  G.  Alekseyev,  Ob  the  conditions  of  the  nutoal 

| 

singularity  of  ths  Gaussian  Measures,  which  correspond  to  two  randon 
processes,  theoretical  probabilities  and  its  uses.  Til,  No  3 (1963), 
304-308) . ENDFOOTNOTE. 


| 
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Chapter  IT. 


PAGE 


>37 


CONDITIONS  OP  THE  REGULARITY  OP  STATIONARY  RANDOM  PROCESSES. 


91.  Introduction.  Soee  preliminary  inforaation. 


Let  us  consiier  stationary  in  narrow  sense  randoa  process  9 (t) 
with  the  continuous  or  discrete  tine  t.  Let.  us  designate  as  before  'S (7) 
•-algebra  of  the  events,  generated  by  the  flow  of  process  on  set  T, 
i-  e. , ?l  (T)  there  is  aininua  *- algebra,  which  contains  the  events  of 
the  fora 

{£(Ms£| |(/,)e£,},  e 71, 

£;  essence  the  borel  sets  of  real  straight  line  *. 


POOTNOTE  * . Ne  are  liaited  real  processes  exclusively  for  siaplicity. 
All  the  subsequent  theoreas  are  accurate  for  coaposite  processes.  It 

ie  necessary  to  only  reaeaber  that  for  coaposite  Gaussian  processes 

ml<0  At*) -0 

n *itk  all  t,  s (see  [12]).  However,  during  the  study  only  hilbert 
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space  H (-«,  -)  of  no  differences  in  the  exaaination  of  composite 
processes  appears,  and  to  us  will  aore  convenient  ly  exanine  this 
space  above  the  field  of  coaplex  nuabers.  ENDPOOTMOTE. 

The  algebras  of  fora  *(-«>.  0 deteraine  the  past  of  process  (to 
torqae/aoaent  t) , of  the  algebra  of  fora  ?( (/,  oo)  - future  (after 
torque/aoaent  t). 

If  vith  any  t > 0 #- algebra  % (-  oo,  /).  91  (/  + t,  oo)  are  independent, 

then  with  all  »,/),  fl  e '.'l  (/  + t,  oo) 

P(/lfl)-P(/1)P(fl)  = 0.  (1.1) 

In  the  general  case  the  left  side  of  this  equality  (or  value, 
siailar  to  it)  can  be  taken  for  the  basis  of  dependence  aeasurenent 
between  #- algebra  ?i(_  oo  /)  and  ?l (/  + t,  °°). 

Page  155. 

L • 

The  various  kinds  of  the  condition  of  the  weakening  of  the  dependence 
between '?l  (- oo.  0.  (/  + 1.  «>)  with  an  increase  r - the  conditions  of 

regularity  - widely  are  used  during  propagation  to  the  stationary 
pt messes  of  the  theoreas,  known  for  the  sequences  of  independent 
randoa  quantities  *. 
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A*? 


FOOTNOTE  «.  See,  for  exaaple,  [14],  [22].  ENDPOOTNOTE. 


The  most  coaaonly  used  conditions  of  regularity  are  the  following 
conditions. 


1.  Stationary  process  f (t)  is  called  regular,  if  #-algebra 

9t(-oo,  - OO ) = 91  (-  OO  ) = P)?(  (-  OO,  t) 

t 

is  trivial,  i.e.,  it  contains  only  the  events  of  probability  0 or  1. 


Let  us  note  that  this  condition  can  be  registered  as  follows  in 
the  terns  of  differences  PMff)-P|/bPi/i).  for  all  fls?((-oo.  oo» 


^^0|PMfl)-pM)p(8)l 


(1.2) 


Actually,  let  the  process  $ (t|  be  regular.  Let  us  designate  X* 
the  indicator  of  event  A,  i.e., 

„ / > f I , (i>  g A , 

Xa  ~ X/i  (w)  = { 

I 0,  to  ^ A. 

Let,  farther,  the  randon  variables  *i,.  n,  be  deterained  by 

equalities m - x*~  p M).  n*=*  Xn  - P (fl)  Then 


M>i.»i2-P(/1fl)-P(/1)P(fl). 


Rand  on  variable  <ii  aeasured  relative  to  H(  — «*>.  0.  and,  tharefore, 

M'li'te  = M {'li}  M {'hi  -1  (-  <».  /))  < 

<M{M(n2i?i(-  oo,  ooi))2  -o. 


On  the  contrary*  let  process  e (t)  is  irregular. 

Page  156. 

Then  v-algebra  'M(-oo)  is  significant  and  contains  at  least  one  event 
A*  for  which  0<P{/1)<1.  With  all  / /I  e 91  (- oo,  0.  no  that 

sup  i P (AD)  -P(A)P(D)\>P  I A)  - P2  (A)  t*  0. 

0eH  (-0O,  t)  1 

If  we  in  (1.1)  take  sup  and  on  + oo),  we  will  arrive  at  the 

following  condition. 

2.  Stationary  process  f (t)  satisfies  the  condition  of  powerful 
nixing  *,  if 


JP(^B)-PM)P(fl)l!55*0.  (1.3) 
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FOOTROTB  ».  The  condition  of  "powerful  nixing"  obtained  wide 
reputation  because  of  that  success,  which  was  achieve/reashed  during 
its  use  in  linit  theorens  for  dependent  variables  (for  exanple,  see 
[14],  [22]);  for  the  first  tine  it  was  used  for  this  purpose, 
apparently,  Rozenblatt  (see  H Rosenblatt,  A central  linit  theoren  and 
strong  nixing  condition,  Proc.  Rat.  Acad.  Sci.  OSA  42  (1956)). 
BRDPOOTROTE. 

Value  a (▼)  characterizes  the  "speed  of  nixing"  and  is  called  the 
coefficient  of  nixing. 

3.  Let  us  call  process  £ (t)  absolutely  regular,  if 

P(x)=M  sup  oo.  — +0.  (1.4) 

A ^ (/  + T,  oo)  1 

Value  fi  (r)  is  called  the  coefficient  (absolute)  of  regularity. 

It  is  easy  to  see  that  a (r)  < p (r)  . 

Actually,  with  all  /le?l(/  + x,  oo),  Be'H(-ooj)  occurs  the  ineguality 

|P(/lfl)-P(/)P(fl)|- 

-jj  (P{/1|?l(-°°.  /))  — P {/!)) t/P ’ ^P(t). 

fi 

Thus,  absolute  regularity  assigns  on  process  ? (t)  nore  severe 
linitations,  than  the  condition  of  powerful  nixing.  After  replacing 
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in  (1.4)  averaging  on  entire  space  of  simple  events  Q with  taking 
supreaun*a,  ve  let  us  arrive  at  even  aore  Uniting  condition. 

Page  157. 


4.  Process  € (t)  satisfies  the  condition  of  evenly  powerful 
nixing,  if 

<('(t)=»  vrai  sup  sup  | P [A  |9l(—  »,  t))~P  M}| .0 

USD  y|s!l(/n,B0)  ' T**"’ 

(1.5) 


It  is  not  difficult  to  check  that 


<P(t)=>  sup 

A s SI  ((  + T,  OO),  /)  <=«  (-C,  I) 


P (AO)  - P ( A ) P ( H i i 
p’l/l) 


One  Additional  Deternination  of  regularity  is  connected  with  the 
concept  of  quantity  of  infornation. 


Let  {?,(/),/  e T)  and  ssS)  two  arbitrary  randon  processes 

(two  fanilies  of  randon  variables).  Let  us  designate  by  ?(,  and  ?i2 
nininun  •- algebra  of  events  those  which  were  generated  respectively 
by  fanilies  {£, (/),  /s7),  {£?(*).  se.5(,  Quantity  of  infornation  relative  to 
randon  process  (£i  (/),  f e H.  that  included  in  process  fe(s),  se5),  is 
called  value 

/(*”  ia)°supVP(^C/)ln^y^).|  (U) 

where  sup  it  is  taken  on  all  possible  final  deconpositions  of  space 


1 

. 
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Of  eleeentary  issues  Q i»to  the  sonin tersecting  eventsM,,  A2 A„),  (B.Jh- 

■■■<  B,„),  whereupon  a /i,eV(2.  it  is  not  difficalt  to  comprehend 

that  I Hi>  Ij)  ■“  / (£2.  Si).  Applying  Jensen's  inequality  to  the  convex 

function  vin  e,  x>0.  it  is  possible  to  show  that  I (C4,  £,)  > 0, 
whereupon  I (f4,  ? ^ = 0 when  and  only  when  «-algebra  ?(,  and  91,  are 
independent  *. 


FOOTHOTE  *.  See,  for  example,  f 1 9 3.  BMDFOOTNOTE. 


Coeputing  tha  quantity  of  information,  which  is  contained  in  the 
past  {£(.*),  s</)  of  our  process  relative  to  the  future  (S  (s),  .?  > t + t), 
let  us  arrive  at  the  following  determination. 


if 


5.  Stationary  process  E (t)  is  called  informationally  regular, 

/ (t)  = / {(£  (s),  s < /),  (l  (s),  s>t  + t)}  ► 0.  (1 .7) 


Value  I (r)  occasionally  referred  to  as  the  informational  coefficient 
of  regularity. 
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Further,  the  left  side  of  equality  (1.1)  can  be  registered  in 
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the  for*  M'li'is.  where  >li  *=  x*  - P {/I},  'is  = x»  - P {/?>.  If  we  exaeine  here 
arbitrary  randoa  variables  ii.  %.  provided  would  aake  sense 
■atheaatical  expectation  Mn,T|;.  we  let  us  arrive  at  the  following 
concept: 

the  aaxiaua  correlation  coefficient  between  the  systaws  of 

rando*  variable*  {|i (/),/ e=  7} and  (|,(s),seS)  is  called  value 

r (Si.  Ss)  = sup 

where  sup  it  is  taken  according  to  all  1,,  p,,  aeasurable 
respectively  relative  to  v-algtbra  91,,  9l3  and  by  such,  that 

Mn,='Mii2  = 0.  M I ri,  I2  — M | »i2  ia  = 1 . 

This  concept  has  sinple  geoeetric  weaning.  Let  us  designate  H 
the  set  of  all  raadon  variable*  n with  the  final  aatheaatical 

expectation  Mini*;  H there  i*  hilbert  space  with  scalar  product 

hi.  ns)  = Mii’is. 

yf  If  #/,  and  H,  - the  subspaces  H,  which  consist  of  the 
randoe  variables,  aeasurable  respectively  relatively  91,  and  ?[,,  that 
r (?i#  5*)  are  a cosine  of  the  winieun  angle  between  //,  and  //, 

(coep.  below  frow  2'). 

The  concept  of  the  aaxiaua  correlation  coefficient  leads  for  a 
stationary  process  ? (t)  to  the  following  condition  of 
full/total/coaplete  regularity. 


T 
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6. 


r(t)  = r((t,(s),  s < /),  (£(s),  s>>  + T))-rr=>.0.  (1.8) 

Under  condition  (1.8)  let  as  call  randoa  process  £ (t)  completely 
regular. 

Is  obvious,  always  r (r)  > a (r)  • However,  for  Gaussian 
stationary  processes,  as  is  known  * 

a (t)  ^ r (t-)  2nre  (t),  (1.9) 


and,  thus, 

Gaussian  stationary  process  % (t)  satisfies  the  coniition  of 
powerful  airing  then  and  only  then  when  it  is  conpletely  regular. 


FOOTHOTB  ».  See  [22],  page  249.  ERD700TN0TE. 
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Being  liaited  to  Gaussian  processes  - by  the  basic  subject  of 
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research  of  this  book,  it  is  logical  to  attespt  to  express  conditions 
1-6  in  spectral  tarns,  since  in  the  Gaussian  case  the  spectral  or 
correlation  function  conpletely  deteraines  process.  It  is 
understandable  that  in  this  case  conditions  theaselves  1-6  nust 
obtain  soae  equivalent  fornulation  in  the  terns  of  spaces  H (T) , and, 
it  goes  without  saying,  any  this  fornulation  will  nake  sense  for 

arbitrary  stationary  in  the  broad  sense  processes.  Therefore  we  will 

i 

give  sone  natural  analogs  of  conditions  1-6  for  the  processes, 
stationary  in  the  broad  sense.  For  such  processes  the  role  of 
independence  plays  orthogonality,  instead  of  v-algebra  91(f)  are 
exanined  spaces  H (T)  , and  the  operator  of  the  taking  of  conditional 
nathenatical  expectation  M {-I  ('/')}  is  substituted  by  the  operator  of 

desiqn  M {•|//(f)>  (in  hilbert  space  H)  to  subspace  H (T)  . 

I 1 

Let  1(1).  be  the  randoa  process,  stationary  in  the  broad 

sense. 

I » 

1*.  Process  f (t)  is  called  (linearly)  regular,  if  the  space 

//(—OP,  — oo)  = /■/(—  oo)^/")  //  ( — 00,  /) 

i 

is  trivial,  i.e.,  it  consists  only  of  randoa  variables,  with 
probability  1 equal  to  0. 

It  is  analogous  to  (with  1.1),  process  £ (t)  is  linearly  regular 


in  that  and  only  that  case,  if 
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II  M Oil//  (-  oo,  — t)>  ||  = 

*=  M1”  {(M  (nl//  (-  oo,  -TlW^vO,  (1.10) 

It  is  clear  that  if  t (t)  is  regular  in  the  sense  of  definition 
1,  then  it  is  linearly  regular. 

The  condition  of  linear  regularity  plays  the  eery  isportant  role 
in  the  theory  of  the  forecast/prediction  of  stationary  randoa 

processes. 


Page  160. 


one  of  the  central  results  of  this  theory  is  the  fact  that  the 
stationary  in  the  broad  sense  process  ? (t)  is  linearly  regular  when 
and  only  when  it  i llow/assunes  the  representation  of  Wold  *: 


ii/»  - r(/ - •*>£  (*)  2|c(/)|2<ooJ  (i.ii) 


with  discrete  t,  and 


Ei/)-  J c (/-.?)£  (rfs)  M | c(/)  |Jrf/ < oo  (1.12) 


with  continuous  t,  where  ((</*)  there  is  a stochastic  orthogonal 

(M;(A,);(Aa)-«A,nA,KlAjJ 

mure  on  the  tine/tooporory  ax  1ST  ^ f indicates  the 


-a.  - 
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length  of  tine  interval  A) . 

F00TE0TB  *.  See,  for  exaaple,  [22],  page  77,  162.  EEDPDDMOTE. 

Proa  fornalas  (1.11),  (1.12)  it  follows  that  «-algebra  9((-oo,  0 is 
contained  in  w-algebra  J}(-  oo,  t).  generated  by  values  £(A)  on 
tiae/teaporary  seii-axis  (-*,  t)  , and 

fi'M-  oo.  /)sf)®(-  oo,  t). 

i ■ i 

In  the  Ganssian  case  the  orthogonality  is  equivalent  independence  and 
tir/.Ois  a stochastic  aeasure  with  independent  values  (specifically, 
for  discrete  t we  deal  with  the  sequence  of  independent  Gaussian 
values  j (.0.  s **/,/—  I,  . . .).  In  this  case  according  to  known  law  "0  or  1" 

the  intersection  oo.  /)  is  trivial,  and  therefore  froa  the 

/ 

linear  regularity  of  Gaussian  stationary  process  € (t)  pscape/ensues 
its  regularity  (in  the  sense  of  definition  1).  Thus  occurs  the 
following  proposition: 

The  Gaussian  stationary  process  { (t)  is  regular  when  and  only 
when  it  is  linearly  regular. 


Page  161 
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Linearly  regular  stationary  processes  continually  are  described. 
Specif ically. 

Stationary  process  ? (t)  is  linearly  regular  when  and  only  when 
its  spectral  aeasure  is  absolutely  continuous,  and  spectral  density  f 
(X)  satisfies  the  condition: 

n 

j In  f(l)  (Ik  > — vo  (1.13) 

— /I 

with  discrete  t,  and 

no 

f 1,1  !M  Mv. 

J w •!*■>- ">  (1.14) 

— no 

with  continuous  t (see  in  regard  to  this  [22],  pages  85,  161  or  §2  of 
Chapter  II). 


farther,  analogous  with  that,  as  this  was  done  during  passage  of 
(1.1)  to  (1.2),  it  is  possible  to  take  in  (1.10)  sup  on  >i.  and  we 
will  arrive  at  the  following  condition. 

2*.  Process  $ (t)  is  called  coapletely  (linearly)  regular,  if 

00 • (1.15) 

Value  p (r)  let  us  call  the  coefficient  of  fullAotal/coaplete 
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(linear)  regularity. 

Is  obvious,  always  p (r)  < r (r)  . But  in  the  case  of  Gaussian 
processes  occurs  the  following  fundamental  for  our  further  research 
fact  * : 

p(*)t('  t).  (1. 16) 


POOTWOTB  ».  See  [22],  page  249.  EBDPOOTSOT E. 


This  indicates  that 

the  Gaussian  stationary  process  € (t)  is  completely  regular  (in 
the  sense  of  definition  6)  when  and  only  when  it  is  completely  is 
linearly  regular. 

r 

It  is  easy  to  see  that 

P(t)  — sup  I Mmnz  I * supl  (r,,.  n2)|, 

where  sup  is  taken  on  all  i),  e=  //(-«>,  0),  i)s<=  H(t.  <x>)with  Min,  iJ  = Mji]2i2~  1,  so 

that  p (r)  there  is  a cosine  of  the  minimum  angle  between  subspaces  H 
{-•,  0),  R (r,  •).  Let  us  note  that  the  condition  p (r)  < 1 is  more 
powerful  than  (linear)  regularity. 
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Page  162. 

Farther,  besides  the  nininun  angle  between  subspaces  H (-•,  t ) , 
H (t  ♦ r,  -)  it  is  possible  to  introduce  other  sinilar 
characteristics  of  these  subspaces,  being  based  on  the  following 
idea. 


Let  us  designate  by  //  7 1 = the  operator  of  design  in  H on  H 
(— .-r),  by  - projector  on  H (r,  -)  let  us  introduce  the 
operators 

b;  - b , - ff'-fKff  -,  Bt  = t > o. 

Subspaces  H (-■,  0),  H (r , •)  are  orthogonal  in  that  and  only 
that  case,  if  fl?  = 0.  This  fact  suggests  to  exanine  as  the  conditions 
of  regularity  the  convergence  of  the  operators  ft,  to  0 with  t-»oo 
for  one  or  the  other  (uniforn,  gil'berta  - schaidt,  nuclear) 
topology;  above  we  will  see,  that  thus  possible  to  ref  orau  late  all 
the  eauaerated  above  conditions  of  regularity. 

The  conditions  of  regularity,  expressed  in  the  terns  of  hilbert 
spaces  H (T)  , allov/assuee  analytical  foraulation,  since  is  an 
isosetric  conforaity  £(/)«-»<•'“  with  the  described  in  chapter  II 
sabspaces  l.T (H-  Horeover,  in  the  case  of  Gaussian  processes  this 
concerns  other  conditions  (since,  for  exanple,  p(t)XM*)X  <*(*))•  The 
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translation/con version  of  the  enumerated  above  conditions  of 
regularity  for  analytical  language  and  the  further  solution  of  the 
appearing  analytical  probleas  for  the  final  tar get/ pur pose  of 
obtaining  the  criteria  of  regularity,  expressed  through  spectral 
characteristics,  and  coaposes  the  basic  content  of  this  and  two 
subsequent  chapters. 

Page  163. 

62.  Conditions  of  regularity  and  the  operators 

Let  C (t)  be  a stationary  Gaussian  process.  Let  us  consider 
operators  * B7(~B,)  and  Bt.  introduced  above  in  §1. 

POOMOTB  1 . Into  the  theory  of  randon  processes  the  operators  6 ^ are 
introduced  in  the  work  of  I.  H . Gelfand  and  A.  H.  Taglon  ”0n  the 
calculation  of  guantity  of  infornation  about  the  randon  function, 
which  is  contained  into  another  such  functions  (P.H.S.  Ill,  V.  1 
(1957)).  Connunication/connection  of  the  operators  n,  with  the 
conditions  of  regularity  noted  Taglon  (A.  8.  Taglon,  Stationary 
Gaussian  processes  satisfying  the  strong  nixing  condition  and  best 
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predictable  functionals,  Bernoully  - Bayes  - Laplace,  Anniv.  voluae 
Springer-Terlag,  1965) . BID FOOTNOTE. 


These  are  the  positive  self-adjoint  operators.  Let  us  show  that  all 
conditions  of  regularity,  fornulated  in  §1  for  a Gaussian  process  £ 
(t),  can  be  expressed  in  the  terns  of  convergence  0t-»o  with  t *•<» 
(in  this  or  another  sense). 

Theorea  1.  Stationary  Gaussian  process  € (t)  is  regular  when  and 
only  when  with  t <■  oo  the  operators  0,  weakly  converge  to  0,  i.  e., 
if  for  any  randoa  variable  ti<=W(-oo,  oo) 

In  accordance  with  what  has  been  said  in  §1  it  is  possible  not 
to  distinguish  regularity  and  linear  regularity.  Therefore  theorea  1 
inaediately  follows  froa  the  deteraination  of  linear  regularity  and 
inequality 

II  IKH^Ii- 

Theorea  2.  In  order  that  the  stationary  Gaussian  process  ? (t) 
would  be  coapletely  regular,  it  is  necessary  and  sufficient  in  order 
that  the  operators  0,  converge  to  zero  evenly,  aoreover,  the 
coefficient  of  regularity  is  p(*)  = ||0, II. 
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It  goes  without  saying  that  this  theorea  remains  valid  for 
arbitrary  stationary  processes,  if  we  keep  in  mind  linearly 
completely  regular  processes.  For  Gaussian  processes  on  the  strength 
of  relationship/ratios  (1.9),  (1.16)  this  theorem  simultaneously 
gives  the  criterion  of  powerful  mixing. 

Theorem  2 immediately  follows  from  the  determination  of  the 
coefficient  of  regularity  p (r).  Actually,  regarding 

pW=  sup  I |[ - sup  OTvr,,4  n,  -- 

rtmHi 0..oo),  «>n-i 

= sup(Z?J‘»i.  <^o  >i)  = sup  (fl7n.  >0  = 11  Wr ||- 

1)G=  //  (-W.  or), 

ami -i 

For  processes  with  discrete  tine  it  is  possible  to  demonstrate 
the  more  interesting  version  of  this  theorea. 

Theorea  3.  Stationary  process  £ (t)  with  discrete  time  is 
completely  regular  when  and  only  when  it  is  regular,  and  operator  Bt 
is  completely  continuous. 

Page  164. 

Lemma  1.  Let  Ht  and  Hx  the  essence  of  the  subspace  separable  be 
hilbert  space  H.  let  us  designate  by  tTh  the  operators  of  design 
in  H respectively  on  H\  and  Ht.  Let,  further,  /j, Hi If 


L 


l 


- 

J 
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the  operators  B(,  B 2 are  coapletely  continuous 
to  select  orthogonal  base  ((<’,,]©  (e'l ),  <*•*<(  in  H, 

u*,>)aj£)D 

A with  the  following  properties: 


, in  Ht  it  is  possible 
- orthogonal  base 


1)  all  vectors  e\k  are  orthogonal  H2,  all  vectors  e'n  orthogonal 

h»; 

t 

2)  scalar  products  ( eu>  eu)  are  different  fron  zero,  only  if  i = 

15  i 

3)  e,,  - the  eigenvectors  of  operator  Bh  ev  - operator  B2. 

Proof  of  lean  a.  Fron  the  eleaentary  properties  of  projection 
operators  tT]  = ff>,  easily  it  is  derive/concluded,  what  Bt  and 

Bx  - positive  self-adjoint  operators,  sinultaneously  coapletely 

continuous  or  not.  Coapletely  continuous  self-adjoint  operator  B,  ] 

possesses  the  f ull/total/coaplete  in  the  range  of  its  values  sequence 
of  the  orthogonal  standardized/nor aalized  eigenvectors  e(t,  e12,  . 
that  correspond  to  different  fron  zero  to  eigenvalues  Xt,  X2,  ... 

ei /• 

(coapleteness  aeans  that  any  vector  orthogonal  to  all  vectors^ 

is  equal  to  zero)  ». 


FOOTNOTE  1 . See,  for  exanple,  [2],  page  189.  BNDFOOTNOTE 


I 
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' *''1  1 C7> 

Let  as  assess  <•*/  =■— — :"-^==«?Vi /•  It  is  easy  to  see  that  wholes 

essence  the  eigenvectors  of  operator  Bz,  which  correspond  to 
eigenvalues  X,.  Actually, 

R&V  = ^ ^ = 2fl, ctl  = A,<?2/. 

By  exanining  projections  <?V2/,  let  os  ascertain  that  vectors  {c2/} 
are  contained  by  all  eigenvectors  of  operator  Bz. 

Page  165. 

let  now  the  orthonoraalized  vectors  (<?{*)  (jc.'tj)  coapleaent  of  systea 

{<*1/}  (ie2l))J 

/\  'T6  base  ia  Ha  (in  Hz).  Let  us  deaonstrate  that  the  bases  ( {<*, /} © (r  1*} } 
and  (('’}/! 'PK*))  possess  the  necessary  properties. 


1)  Let  us  deaonstrate  that  all  vectors  e\k  are  orthogonal  Hz, 
i.e.,  that  with  all  * = 0.  Is  really/actually 


since  on  the  strength  of  coapleteness  vector  B orthogonal  to 
all  vectors  eu,  is  equal  to  zero.  Analogously  it  is  proven,  that  with 
all  to  k e‘9±  Hr 
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2)  Let  as  coant  scalar  products  (eu>  ev^'  We  have 

V'^\(e\l<  e2/)  =*  1^1/,  2e\l)z^{^‘ lel it  *l/)  = 

= (^1  ell<  el/)  ~ (?ll<  = 

where  fy/  - Kronecker*s  syabol.  Leaaa  is  deaonstrated. 

Proof  of  theorea  3.  Suppose  that  operator  Ba  is  coapletely 
continuous.  Let  eav  e2l  ...  ~ its  standardized/noraalizei 
eigenvectors,  and  Xt  > X2  > ...  - the  corresponding  to  then 
eigenvalues.  On  the  basis  of  leaaa  1 addition  elf  e2,  ...  to  base  in 
H (-•,  -1)  orthogonally  to  H (0,  -)  ; therefore  without  loss  of 
generality  it  is  possible  to  count  that  already  vectors  ea , e2,  ... 
fora  base  in  H (-•,  -1). 

fe  will  take  arbitrary  cell/eleaent  r\^  II  {-<*>,  -t)Iet  us  register 
it  in  the  fora 

no 

»1  = 2a,e/, 

where 

l«/l-l(n.  e/)l-l(n,  ^,c/)K||^tC/u. 


Ob  the  strength  of 
Co as eg went 

A 


regularity  for  any  that  which  was  fix/recorded  / 
If 


J 


Page  166. 


The  last/latter  expression  can  be  done  as  by  conveniently  snail, 
talcing  into  account  that  >.,  = 0. 

Let  us  denonstrate  need.  Let  us  note  first  that  it  suffices  to 
denonstrate  operator's  full/total/conplete  continuity  Bt  on  H (-•, 

-1) . Be  will  write  space  H (-•,  -1)  in  the  forn  //(-*>,  where 

orthogonal  coaplenent  Rt  space  H to  H (-•,  -1)  is 

finite-dinensional.  If  we  designate  Qt  projector  in  H (-• , -1)  on  R,. 
then  ^°t  + Qt  there  is  a single  operator  on  H (-•,  -1).  Consequently 

fl,  = (,5*  + Q,)  „ + K,  = 0,  + Kr. 


where  the  operator  Kr  is  finite.  But  then 

II  fl|  — h\  ||-||flt||-p(T)_*o. 

This  leans  that  operator  Bt  allow/assunes  as  good  as  salts ble 

; 

- — ... — - - — - 
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approach/approx iaation  by  the  finite-dimensional  operators  and,  which 
weans,  is  completely  continuous  *. 


FOOTNOTE  *.  See,  for  example,  [5],  page  47.  BNDFOOTNOTE. 


Observation.  Actually,  proving  the  sufficiency  of  the  conditions 
of  theorem,  we  demonstrated  more  common/genera 1/total  result,  namely: 


i^t  f (t)  - stationary  Gaussian  process  with  discrete  or 
continuous  time,  and  let  for  a given  r > 0 operator  /<,  is  completely 
continuous;  then  process  f (t)  is  completely  regular. 

Further  let  us  demonstrate  the  following  proposition. 

Theorem  4.  In  order  that  the  stationary  Gaussian  process  would 
be  absolutely  regular,  it  is  necessary  and  sufficient  in  order  that 
it  would  be  regular  and  for  a given  r0  operator  nt,  would  be 
completely  continuous  operator  with  the  final  trace  *. 


FOOTNOTE  *.  I.  e. , nuclear.  BNDFOOTNOTE. 
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In  this  case  and  all  operators  t>t„.  have  the  final  trace,  but 
the  coefficient  (absolute)  of  regularity  are 

P(t)X|ASp  7*7.  T -*•(),  (2.1) 


where  Sp  fl,  it  indicates  operator's  trace  nt. 


Page  167. 


It  is  sore  precise,  if  P(x)-»o. 


— ^ lim  — i==' 

2rx 


^ lim  

— 1 SI'«T  I KSpfl, 


2 I 2 .i 


Proof  * . 


FOOTMOTE  *.  In  proof  are  used  soae  results  froa  the  article  of  V.  A. 


Volkonskiy  and 


l£f:  a. 


A 


Bozanova  "soae  liait  theoreas  for  randoa 


functions.  II",  theoretical  prob.  and  its  applications.  VI,  Mo  2 
(1961),  202-215.  EMDFOOTNOTE. 


I 


Preliainarily  let  us  establish/install  several  coaaon  properties  of 
coefficient  8 (r).  Let  fa,  (m),  u e U;  %(»),  v e V]  he  an  arbitrary  systea  of 
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Gaussian  randos  variables.  Let  us  designate  by  ?l,.  9l2.9l  e-algebra  of 
events*  generated  respectively  by  the  systeas  of  values  H («).  « e U),  {ih(v). 
v e l').  {’ll  (m).  t}2  (u);  « e U,  v e KJ.Let*  further*  fl,  81#  H 2 - the  linear  spaces* 
stretched  respectively  on  (m.  n*).  M.  {n?}.  Let  ns  designate  by 
projectors  in  H on  R(*  Bz.  Let;  finally* 


Let  us  assune*  further* 


/},  = ^>5^,,  /}2  = 

= («).  »l2 (t»)})  = M sup  | P{4  IN,}- PM}  I. 


Let  us  designate  by  Qt»  Q**  Q the  probability  neasures* 
generated  on  algebras  91,,  9t2,  91  by  randon  variables  {vi,  (//),  //<=(/;  r)2 (d),  v <=  K}. 

By  Q let  us  designate  probability  neasure  on  9(,  that  coincides  on  91, 
with  neasure  Qt*  on  9l2  - with  neasure  Q,  and  such*  that  the  algebras 

?li.  'Hjare  independent  relative  to  neasure  Q (it  is  possible  to  count  'Q: 

* Q,  * Q*>  • 


Leana  2.  Occurs  the  equality 


P = y Var  (Q-Q) 


Proof  of  leana.  Let  us  denonstrate  first  that 

yVar(Q-Q)<p.  (2.2) 


It  in  sufficient  to  show  that  for  all  events  C of  forn  C - U A,B„  vbere 
/I,  *5  91,,  B,  e 91,  ' 

and  everything  A,Dt  ere  inconpatible/inconsistent  in  pairs* 
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occurs  the  inequality 


IQ(C)-Q(C)|<p. 


Page  168. 


If  C - the  event  of  the  fore  indicated,  it  aleays  it  is  possible  to 
register  in  the  f orn  C = JJ  AiB'i,  where  this  tine  any  two  events  B,,  /?' 

i 

either  are  inconpatible/inconsistent  or  coincide  (all  events  A,Br, 
are  inconpatible/inconsistent).  Let  us  agree  instead  of  Li',  to  write 
again  B,.  Be  have,  counting  Q(C)>Q(C), 

Q(C)  — Q(C)  - V |p  {AlBi]  _ P {Ai)  P {/}  )]  _ 

i 

J lpM/l«J-P{/Ulf/P.  (2.3) 


If  6.,  are  any  coinciding  events  fron  sequence  B, , Bt,  ...,  then 

the  corresponding  to  then  events  A,  do  not  intersect,  and, 

i 

set/assuning  A,  = (J  A,s.  we  will  find  that 

V J|P(/i/j?t2)_P(yi(j}]rfP  = j \P  [AM 


Hence  and  fron  (2.3)  it  follows  that 

Q(C)-Q(C)«  V J [Pt&IHd-PtfJIrfP. 

' «/ 

where  B,,  Bs,  ...  - the  sequence  of  non intersecting  events  fron  %. 
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Consequently, 


Q(C)  -Q(C)kV  I sup  |P{/1|7J2}-P{/1)U/P  = 


f sup  i p {/i  r>i2)  - p (/i)  u/p  < p. 

i /I^h, 


UH/ 


Inequality  (2.2)  is  proved. 


Page  169. 


le  will  proceed  to  the  proof  of  reverse  inequality.  Let  us 


designate  by  tf,  the  subset  ?(,.  which  consists  of  all  events  of  fora 

ii  (“.))g'A),j 

yj  wh»re  A is  an  association  of  2s-graduated  cubes  with 


rational  apex/vertexes.  Hany  events  9(,  is  calculating.  It  is 
possible  to  count  which  during  deternination  0 sup  is  taken  only  on 
Ac=?l|(®t  the  worst  reader  can  include/connect  this  requirenent  in 
deternination  0).  Each  sinple  event  co s Q answers  event  Ate% 
such*  that 


P{/l/|9(J)-P{/i/)>  sup  |P{A|9l2)-P{/1)|-e, 


where  «>o.  Let  us  designate  by  fi,  the  events,  which  consist  of  all  w. 


that  correspond  to  one  A,.  It  is  obvious,  fl,e9(7.  it  is  possible  to 
count  that  all  events  B,  are  incoapatible/inconsistent  (otherwise  we 


- - — - 


— - - 


MM 


^ ... 
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we  could  consider  events  /<,  = /?,. fl2  = B2\ Bh  B3  \ (BjU  Bi).  • • •)•  Consequently, 
are  incoupatible/inconsistent  events  A ibi ■ Therefore 


P*  f sup  |P{/1|?I2)  -P{/1)  |,/P< 

0 

<2/  [PM/W-P^k/P  -f  e = 

1 *! 

= >]|P{/1/fl/}-P{/1/}P{B/}]  + e = 

/ 

HQ  ( U A,BS)  - Q(  U A ,!},)]  + e<  y Var  (Q  - Q)  + e. 


Leaaa  is  deaonstrated. 


Leaaa  3.  If  sets  0 and  V are  final,  they  occur  of  the  inequality 


- l/Spfl,  l2Spfl,- 

2,1  2V  2 (1  — |)/J,  ID* 


I i / ^ — I _ | 3 Sp  fl,  4- y (Sp  fl,)2'' 


< 


<P<W/S|.fl,+^2Sp«,+i  TTO, 


3Spfl,  + -i(S|,fl,)‘N 


)■ 
(2.5) 


Constants 


i i , 

and  — with  KSpfl,  precise. 


2 I 2n 
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Proof.  On  the  basis  of  lsssa  1 it  is  possible  to  cooat  that  ue=  U) 

(in.  ....  »1|J.  Ob(t').  V e=  y}=-  {tfe %„},  the  Vectors  {11, |,  ....  T)ln),  {i)2 

coasist  of  independent  aoraal  values  with  the  average  of  zero  and 
dispersion  1,  with 

Mii„ri2i  * 6(/P(.  1 3®  Pi  > • • • S*p«>0. 


I 1 


In  this  case 


Spfl1-Spfl1-Sp?. 


In  the  case  pt  » 1 assertion  of  leaaa  is  trivial;  therefore  we 
will  count  pi  < 1.  In  the  done  assuaptions,  by  designating  through  pt 

(*)  * P*  (T)  * Pi*  (*»  7)  # * “ (•* xn),  //  = (// the  densities  of 

distribution  of  Gaussian  vectors  l»i iu).  (n*i w.  (ti,,.  . . r\>n,  ii2, naJ. 

let  ns  have 


Var|Q-Q)-j  j I Pn(x,  y)  - p,  {x)  p2(y) \dxdy,  (2.6) 
nn 

V,2 

P,(.t)-(2n)  " ' 


Pu(x,  //)-(2n)  " | [ 


n ^ V 2 

, p,(y)-(2nf 
I ( 

2(1  -p?)  r 


V'-P, 


CX|1  - 
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let  as  rewrite  right  side  (2.6)  in  the  fore 


where 


r r ; y) 

J J I Pi 

»"Rn 


P\  (•«)  Pliy)  dx  dy  = M | e-t  - 1 |, 


_ |„  Cut’ll.  n»> 
r>\  (n*» 


2 2 2 2 
= V P" 'in  4-p.,)2. 


— 2p(ii|fn2< 


2('-P?) 


-ln(l-pf), 


a aatheeatical  expectation  M it  is  con pa ted  reletiwe  to  eeasure  0, 
i.e. , on  the  assuaptioe  that  ell  walaes  (»lii %,)  era  independent. 

Page  171. 

Is  decoeposel  by  Taylor's  foreula  with  reeainder  in  the  fore 


of  Lagrange 
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are  independent  relative  to  both  distributions  Q and  Q 

Pirtkaraora* 


Mm,  = Mu,  — 0, 
Mm, -*Mu,  = 0,  Mm’  = ^I 


MmJ  = Muf  — 1 , 

£).  Mt-?  = (l  + f). 


In  the  new  variables 

c-  i ->-)’f+in(i  -Pi,). 

Page  172. 

Hence  easily  it  is  obtained,  that 


M;J  = b;  + (Mt>a< 

< t[2  Sp  ■ “• + Tnfw +(SP  B<  r^rifTi 


MC*<{[2Spfll+TT4f 


2 Sp  0,  , 

( sP  0,  y 

<1- 110,11)*  r 

1 1-  ii0,ii  I 

Soeevhat  aora  coaplexly  to  obtain  estiaatioo  for  M|J|. 
first  will  replaca  c with  the  siapler  raadoa  variable 

Ci  -t51p«K  -•!)» 


after  using  for  this  the  obvious  inequalities 


DOC  = 77182309  PAGE  -8-- 


let  as  have 


M | Ci  I = M C,  sign  Ci  = 

_ I KA(r  f e't'n-e-'t.e 
= 2^MU.  J 0 


d 0 


_l_ 

2n 


f a ^ ~ n' 
J ' e" 


- n'(-  0) 


-rf0  = 


i Jllo+W 


•/.  V 


2 \ 
n; 


7 i + p?o2 


</ o. 


pj 

After  designating  5^-  by  Aj.  fron  the  last/latter  equality  we 
will  obtain  that 


M|?i!  = 


2n 


V 1 _ 1 

*■/  — 1 • 

1 


Let  us  find  the  upper  and  lower  bounds  of  the  functions 

“■i* 

in  siaplexes  2 a,- 1,  K>  0.  The  standard  net  hod  of  finding  extrena, 
for  ezanple  the  nathod  of  Lagrange's  factors*  shows  with  the  help  of 
sinple  calculation  that  the  functios  <1>  reaches  the  aininun 
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xil 

(aaxiaua)  aala*  with  aqual  coordinates  X*  « k,  ■ ...  or  ia  the 
apex/vertexes  of  aiaplax  ^X,=  1,X(>0.  Consequently , integral  in 

right  side  (2.11)  has  as  the  face  side 


5 4-2 
2 


sup 

s 


_{('+?)  ' rfO-supfe/r^f-r^i 


= lim  l 2ji 

S~+  °o 


rm  »^-2(5-2)t-3K5ea 


r*-* 


= | 2n.  (2.12) 


Page  174. 

| 

Hers  l’(s)  there  is  I'  Baler's  -function,  to  which  we  used  the 
Stirling  foraola.  Analogously  integral  in  right  side  (2.11)  is  not 

l 

less 

I (I  +nJ)-’'’c/0  = 2.  (2.13) 

— ro 

Estiaations  (2.12)  and  (2.13)  together  with  eguality  (2.11)  nake 
it  possible  to  erlte  that 

~ /sp«;>Mic,i>- /spa;, 

I 2.1  n 


I 


froe  th>  proof  is  evident  that  both  estiaations  are 
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noniaproved.  Leaaa  4,  and  together  with  it  and  leaaa  3 are 
deaonstrat  ed. 

Leaaa  S.  Oadar  conditions  of  leaaa  3 

i ~l\p>  (v)  ,h  {tJ)  dx  dy  - lie  - p?)"'  - 1 • 

(2.14) 

This  leaaa  is  proven  by  the  direct/straight  calculation  of  left 
side  (2.14). 

Let  us  pass  to  the  proof  of  theorea  4.  Let  Q,  be  the  aeasure, 
generated  by  our  randoa- process  6 (t)  daring  the  association  of 
«- algebra  *(-«>,  -t)  and  9i  (0.  oo);  let  as  designate  by  Q,  the 
aeasure,  which  coincides  with  Q on  9i  ( — oo , — x)  and  ?i(0.  oo)  and  such, 
that  w-algebra  9(  (- oo,  - T),  91(0,  oo)  Qx • independent.  On  leaaa  2 

P(t)  = y Var(Q,  -Qx).  (2.15) 

Lef  the  process  e (t)  be  absolutely  regular,  i.e.,  11  a fi  (r)  * 

T-h  oo 

0.  On  the  basis  (2.15)  will  be  located  the  nuaber  r*  such  that  for 
all  r > r0 

yVar(Qt  — Q,)  = P(t)<  j. 

Consequeatly,  for  r > r,  and  aeasure  Q,  and  Q,  are  not  singular; 
these  aeasures  Gaussian,  and  on  the  basis  of  results  §2  o chapter  III 
they  are  absolutely  continuous  on  each  other. 
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37  5 


Page  175. 

Let  as  select  ia  space  H (— ,-r)  any  base  'in.  ’lu la  space  H 

(0,  -)  - base  *hi> ’)»••••  Let  us  consider  vector  (in «ii»>  'i?J; 

generated  by  this  vector  in  the  Banner  that  this  is  shown  on  page 
167#  aeasure  Q,  Q,  operator  Ba  and  the  eigenvalues  of  operator  Ba  let 
us  furnish  with  index  n,  i.e.,  to  write  respectively  Qn.  Q„.  flu.  p’„.  Let 
us  assune  To  siaply  count,  that 


‘IQn 


Min >„=  - i]^ln(l  -pJJ. 


('2. 16) 


Proa  the  absolute  continuity  of  aeasures  Q,,  Q,  it  follows,  as 
this  is  shown  in  §2  of  chapter  III,  that 


sup  | M In  pn  I < °o. 


(2.17) 


Hence  and  froa  (2.16)  in  turn,  escape/ensues  the  inequality 


sup  Sp  /j|„  < oo. 


lith  n — * • the  operators  B,„  weakly  converge  to  operator  n i.  e. , 

lii" (W,«iTi.  n)  - 'l1  (operators  in  an  obvious  nanner  are 

^eternised  everywhere  in  H (-•,  •)).  Consequently,  operator  H,  has 
the  final  trace. 
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Farther,  let  </,  there  is  density  Q,  on  Qt.  Proe  resalts  of 
chapter  III,  pegs  108,  folios  that  for  r > ra 

where  9iT  is  an  association  of  w-algebra  9i(-<»,  -t),  91(0,  oo).  on  the 
strength  of  (2.1t) 

M I (?,  — 1 Is  < oo. 


On  the  basis  of  the  known  theorees  of  the  theory  of  conditional 
aatheaatical  expectations  hence  it  follows  that  the  ranioa  variables  </x 
converge  in  lean  quadratic  with  r — * • to  <u-  Absolutely  regular 
process  5 (t)  is  regular,  i.e.,  intersection  f)9l(-no,  — T)  is 

T 

trivial.  Consequently,  it  is  necessary 

Page  176. 

Actually,  raadoa  variable  = M(<7T<|9i„)  aeasared  relative  to 
= <»)  also,  for  all  /le9i„  regarding  the  conditional 

aatheaatical  expectation 

I <u “ f gt|</Q-  JdQ-QM)-Q(/1)- J 1 • dQ. 

AAA  A 

These  egaalities  aean  that  q„  - I with  probability  1. 

On  the  strength  of  (2.14) 
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>n6 

Spfl,<»|gt-IP-rt|*-g11.P-r5=*01 

and  the  application/use  of  leaaa  3 leads  to  naxiaua  relationships 

(2.1). 


Conversely,  let  with  a given  r#  operator  lh,  is  a coapletely 
continuous  operator  with  the  final  trace.  Then  (see  observation  to 
theorea  3)  process  f (t)  is  coapletely  regular  and  i|8,||-*0.  Let  us 
consider  that  already  li/J,J<l.  It  is  obvious  also  that  together  with 
all  operators  Hv  r > v#,  have  the  final  trace  and 


Sp  /?,  < Sp  Bx,. 

Let  as  select  now,  by  using  the  full/total/coaplete  continuity 

of  the  operators  Bt,  bases  nn.  tin ’hi.-’te?.  • • • in  the  Banner  that 

this  is  shoes  in  leans  1.  Then  oa  the  strength  of  (2.16) 

sup | M In Sp  fl, ( I + . 

Being  again  converted  to  (2  of  chapter  III,  ve  see  that  the  aeasures  Qx 

and  Qt  are  absolutely  continuous.  Purthernore,  as  already  aentioaed, 
process  f (t)  coapletely  was  regular  and  all  the  aore  regular.  As 
already  it  was  proved,  in  that  case 
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and,  which  weans,  on  the  strength  of  (2.1*)  wad  Sp/^-^.o.  Bow 
reference  to  leaaa  3 proves  theorea. 

Observation.  In  the  case  of  processes  with  discrete  t iae  the 
theorea  al low/assaaes  the  siapler  and  aore  final  foraulation. 

In  order  that  the  stationary  Gaussian  process  € ( t ) with 
discrete  tine  would  be  absolutely  regular,  it  is  necessary  and 
sufficient  in  order  that  operator  Bt  would  be  coapletely  continuous 
operator  with  the  final  trace. 

Page  177. 


Actually,  as  it  was  noted  in  the  proof  of  theorea  3,  for 
processes  with  discrete  tiae  the  operators  differ  froa  operator 
Bt  only  by  f inite-diaensional  operator. 

Theorea  5.  Stationary  Gaussian  process  5 (t)  satisfies  the 
condition  of  regularity  (1.5)  in  that  and  only  that  case,  if  fl,  ■=() 
for  all  r > r0. 

The  proof  of  this  siaple  theorea  can  be  found  in  aono graph  [14]. 
Let  us  note  just  the  egaality  8,-0  sea  as  that  spaces  B (— ,-r) , B 
(0,  -)  ara  orthogonal  aad„  which  aeaas,  that  #-al«efcra  - t), 
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X 

?t(0.  oo)  u4  independent. 

Finally*  in  the  following  paragraph  it  will  be  proved  that  the 
conditions  of  absolute  and  inf oraational  regularity  coincide. 

§3.  Condition  of  i nf oraational  regularity. 

Theorea  6.  Stationary  Gaussian  process  € (t)  is  inf or  nationally 
regular  in  that  and  only  that  case*  if  for  a given  r0  operator  /?,,  is 
a coapletely  continuous  operator  with  the  final  trace.  In  this  case 
and  all  operators  /<<•  r > r s*  are  able  the  final  trace*  but  the 
infornational  coefficient  of  regularity  are. 

/(t)— y^lnfl -p5)~-i-Sp/?f.  (3.1) 

where  p?  is  the  i eigenvalue  of  operator 

Ve  will  deduce  this  theoren  fron  the  following 
conson/general/total  result.  Let  {£(«).  u<=U\  ii(e),  v e V)  - a given 
systen  of  Gaussian  randon  variables.  Let*  further* 


*=  I {|(").  USl/;  Tl(t’).  Key) 

- the  quantity  of  lnforsaties*  which  is  contained  in  randon  variables 
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{£(«)•  u e U)  nlttlTtlf  (']('').  veV).  As  usual,  let  R(,  Hz  be  the 
locksd  linear  closures  of  the  corresponding  values  {£(«),  tie  a). 
t'ei/}:  91,.  9(j  _ #-«ig«Arn,  generated  by  values  {£(«),  «e(/),  (w),  veV); 

B| , B 2 - the  nonnegative  self-adjoint  operators,  deter sined  by  spaces 
Ha,  H 2 since  this  is  shown  above.  Then  is  valid  the  following  theoren 


FOOTNOTE  *.  I.  H.  Gelfand,  A.  H.  Tagloa. 
quantity  of  inforaation  about  the  randon 
in  another  such  function,  UM/V  XII#  V. 


On  the  calculation  of 
function,  which  is  contained 
1 (1 957)  . ENDPOOTNOTE. 


Page  178. 

Theorea  7.  Quantities  of  inforaation  / 1„  certainly  in  that  and 
only  that  case,  if  operator  Ba  (but  that  aeaas  and  Bg)  is  a 
coapletely  continuous  operator  with  the  final  trace,  butjjBt|<  1.  In 
this  case 

~ ji]ln(1  ~pf)<  (3.2) 

I 

where  p*a  ^ p*2  all  eigenvalues  of  operatorda. 


Proof  of  thesren  7.1.  Let  us  count  first  the  quantity  of 
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information,  which  is  contained  in  one  Gaussian  randon  variable  ( 
with  respect  to  another,  Gaussian  to  the  connected  with  it  valne  n- 
It  is  understandable  that  it  is  possible  to  count 


Mg  = M >1  = 0,  Mg’  = Mi)*  = 1. 


Let,  further  sore,  Mgt]  = p,  so  that  the  casbined  density  of  our  values 
is  equal  to 


/’  (*. ;/) 


i 

I U(l  - p») 


x*  4-.I/8  — 2p xy  | 
2(1  - P*)  /' 


We  have 


sup  7,1(1 

At.  fl,  — 


I 

P [A,)  P (/*,} 


P {/!,«/}, 


(3.3) 


•here  the  face  side  it  is  taken  on  the  events  of  fora  .4,  = {g <=£,},  fl,«= 
[ie£il.  where  £/.  Et  are  linear  borel  sets.  Consequently, 


, v , 9|2  (c(  x e’,\ 

^ Q' 1 (c' x m 

where  Q,a,  Q»*  Q«  »re  aeasares  oa  plane  and  straight  line, 
respectively  with  randon  aaaber  distributions  (g,  u)  and 


indoced 

£.  * 


Qi 3 (fX/r)  = P(ge£,  T) e=  £}, 
Q,(£)  = P(ge£},  Qs(£)  = P{r,e£}. 


Page  179. 


Let  first  p < 1.  Then  neasure  Qt 2 is  absolutely  continuous  with 
Lebesgue,  neasura  Qltl  Qt  x Qg  are  autually  absolutely  continuous 


4 
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with  the  density 


Qn  (tlxdy)  p(x,  I/) 

Q,(rfr>  <?,(</;/)  = n(x)p(,,)  ' 


wh< 


P (x)  = 


I 2rt 


,-*72 


- the  density  of  distribution  of  valnes  l<  M- 


Therefore  the  sen  of  right  side  (3.*)  is  an  integral  sas  for 
Lebesgue*s  integral  function  In  p (x,  y)/p  (x)  p (y)  p (x,  y) . 
Consequently, 


oo  no 


j J hl  jrfTit/iiy  p ' 


(3.5) 


If  p « 1,  then  /t„  =*o o.  in  order  to  be  convinced  of  this,  is 

sufficient  to  select  in  (3.3)  A„  “ B„  with 

probabilities  P{/1,}  = -^-.  Ve  will  obtain  that  vith  all  n 

/j„>  In  "- 


Since  with  p * 1 right  side  (3.5)  also  goes  to  infinity,  it  is 
possible  to  consider  fornula  (3.5)  valid,  also,  in  this  case. 


2.  Let  now  sats  0,  V be  final.  Quantity  of  infornation  / 1„  is 
invariable  relative  to  the  nondegenerate  transforns  of  spaces  H|,  H(. 


This  iaaediately  follows  fron  the  deternination  of  the  quantity  of 
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information  (1.6)  and  of  that  obvious  fact  that  «-algebra  vi2  are 
invariant  relative  to  the  transforms  indicated. 

Page  180. 

Therefore*  and  also  on  the  strength  of  lemma  1*  ve  can  from  the  very 
beginning  count 

(&(«>.  = In),  »6K)  = (,| 


where  all  vmporm  were  independent  amd 

M|,  = Mr)/  = 0,  D£(  = Dt)i  *=  I , = p,. 

In  (1.6)  is  sufficient  to  take  sup  on  events  A,, 

A,  = {l,^Ei ln(=Eln},  0,  = {ii,  s 

Pros  independence  the  vapor  (h,  ii)  follows  them  that 

m n 

hv  ~ 2j  it,' 

/-i  1 

and*  which  means*  on  the  strength  of  (3.5) 

n 

*'^M”  ~ ~ Pf)* 

(-1 

whereupon  iu<oo  ia  that  and  only  that  case*  if  p,  = VTflJ<  I. 

3.  Let  us  pass  to  the  examination  of  the  general  case.  Are 
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above,  in  p.  1 proofs,  has  already  been  noted  that  if  II  B,||=  l,  then  /j„ 
= oo.  Therefore  it  suffices  to  consider  the  case  llflj<°°- 

Let  B(  be  operator  with  the  final  trace.  Let  as  select  any  n of 

randon  variables  \ £»  fron  fasily  (|(w),  u<=U)  and  n of  randon 

variables  tin  fron  fasily  {n(«).  By  cT’  let  as  designate 

the  operator,  whirh  corresponds  to  this  selection  of  randon 
variables.  It  goes  vithout  saying  that  operators  c'r*  can  be  exanined 
in  all  space  ltt,  stretched  on  (|(u),  Let  os  designate 

the  eigenvalues  of  operator  C'"'  (it  is  finite).  It  is 

obvioas,  ii"'  = j|  £(r’||  <11 B,  ||<  l. 

Randon  variables  (I |„).  (n n„)  can  be  chosen  so  that 

n (n) 

the  operators  weakly  converge  to  Bt . Then 

lim  Sp  Ci'"  — liin  2j^"’  *=  00 ■ 

n n t 

Proa  the  deteraination  of  quantity  of  infornaticn  (1.6)  it  follows 
that 

/in  >/'((&!.  U,  (til ’In))- 


Page  181. 


At  the  sane  tine  as  it  is  already  establish/installed  in  p.  2, 
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2S* 


/((6. U.  (n, '!-))  — 4-  5]ln(i 


1 1 I C n{n) 

“t2(T2jW  > >2  SPfl'  • 

*-l  / 


Consequently,  if  SpBj  * «,  then  nlso  h***00; 

Let  now  Bj  there  is  a conpletely  continuous  operator  with  the 
final  trace.  On  the  basis  of  lesaa  1 let  us  select  of  spaces  Hlf  H2 
bases  (ta,  £z,  ...),(nl,  n,, . . .),  that  consist  of  the  personal 
ce  11/ele se at s of  the  operators  Ba,  b2.  During  this  selection  = 
•here  t'i  are  the  eigenvalues  of  operators  B* , Bz. 

Any  ewests  /tell,,  BeJI,  it  is  possible,  by  choosing  n by 

sufficient  large  as  conveniently  to  approach  sell  by  the  events, 

neasurable  relative  to  randon  variables  (£i l,X  Being 

again  converted  to  the  deternination  of  quantity  of  infornation 
(1.6),  is  concluded  hence,  that 

/{„=  liin  /(|, m nJ. 


! (Si>  • • • • 5n:  Hi*  • • ■ 


where 
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Theorem  7 is  deaon strated. 


Proa  this  theorea  iaaediately  it  follows  that  the  randoa  process 
? (t)  is  inf oraationally  regular  only  if  the  operators  #T  have  the 
final  trace  for  r > t#,  and  also  that  occurs  equality  (3.1).  la  the 
proof  of  theorea  % it  was  establish/installed  that  lim  Sp  /<,  - o,  if 

r 

°*ly  SpBt, <oo  for  any  r0.  Theorea  6 is  also  deaonst rated. 


Eguate/coaparing  theoreas  4,  6,  we  are  convinced  that  the 
conditions  of  absolute  and  inf oraational  regularity  are  equivalent 
and  that,  for  exaaple,  with  1 (r)  — > 0 


(T) 


I U) 


Ut) 


< 


_l^ 
in ' 


Page  182. 


Observation.  On  the  basis  of  observation  to  theorea  4 stationary 
Gaussian  process  f (t)  with  discrete  tiae  is  inforaationally  regular 
in  that  and  only  that  case,  if  operator  B*  has  the  final  trace. 


54.  Condition  of  absolute  regularity.  Processes  with  discrete  tiae. 
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In  this  and  following  paragraph  we  will  give  the 
fnll/total/coaplete  and  sufficiently  efficient  description  of 
absolutely  regular  stationary  Gaussian  processes  (processes,  which 
satisfy  condition  (1.3)).  In  accordance  with  results  §3 
simultaneously  this  will  give  description  of  internationally  regular 
processes. 

Theorea  8 *. 

FOOTNOTE  *.  I.  A.  Ibragiaov,  T.  N.  Solev,  obodn  the  condition  of  the 
regularity  of  the  stationary  Gaussian  process,  PAS  of  the  BSSR,  185, 
No  3,  509-512.  BHD  FOOT  NOTE. 

Stationary  Gaussian  process  C It)  with  the  discrete  tine  t = 0,  ♦ 1 , 
...  is  absolutely  regular  (but  that  seans  and  inf oraationa  11  y is 
regular)  in  that  and  only  in  such  a case,  when  it  has  spectral 
density  f (A),  representable  in  the  fora 

/M H />(<?' V a W.  (4.1) 

where  P (z)  - polynoeial  with  roots  oa  drceafereacej  ■z.f*  1,  and 


! 
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coefficients  ai  Fourier  MCiti  function  In  a (X)  ace  such, 

that 

£l/ll<J/l2<<».  (4.2) 


Proof  is  basad  on  the  ose  of  theoren  4,  nore  precise, 
observation  to  it.  It  goes  without  saying  that  the  analytical 
fornulation  of  theoren  8 reguires  passage  of  space  H (-■,  -)  to 
isonetric  function  space  L (P)  . In  order  not  to  introduce  excess 
designations,  operators  into  L (F)  , analogous  to  the  operators  /jf, 
also  let  us  designate  through  flf- 


Page  183. 


Any  absolutely  regular  process  is  regular  and,  conseguently  (see 
§2  of  chapter  II),  has  spectral  density  f (X),  that  allov/assuaes 
representation  of  the  forn 

lW  = \K(ea)  I2,  (4.3) 

where  g (z)  - the  external  function  of  Hardy*s  class  «%2  > 
circle. 

g (<•'*) 

«(e'*) 


in 


v 


Cfei,k 


Let  us  introduce  into  ezaaination  function  c(A.) 
let  us  designate  its  Fourier  series. 


DOC  * 77182309 

Leaaa  6.  Process  £ (t)  is  absolutely  regular  in  that  and  only 
that  case*  if  descends  the  series 

0 

Sl/llc^.  (4.4* 

— TO 

In  accordance  with  observation  to  theorea  1 (see  page  182)  it  is 
necessary  to  deaoastrate  that  the  convergence  of  series  (9.4)  is 
eguivalent  to  operator's  nuclearity  B(.  To  us  will  soaewhat  aore 
conveniently  deal  with  unitary  equivalent  to  it  operator  Bt 
where  this  tine  <.7\+  - projector  in  L (P)  on  L<r.~,-,(F),  - projector 

in  L (P)  oa  /-(-».  ti(f).  is  sufficient  to  consider  as  operator  froa 
/.*>.  «)(f)  ” L+(F)  in  Lr(P).  hs  is  known  »,  operator  B*  will  be  nuclear 
(i.e.  will  have  the  final  trace)  ia  that  and  only  that  case*  if  for  a 
given  orthonoraalized  base  {f*}  ia  L+(P)  is  descend  a series  22(b te,,  ej)F. 


POOTBOTB  *.  See*  for  eraaple*  [5]*  page  55;  recall  that  all  operators  a* 
are  positive.  EIDFOOTBOTE. 

If  this  series  descends  for  any  the  orthonoraalized  base*  it  descends 
for  any  such  base*  and  its  sub  and  is  equal  to  operator's  trace  Bg. 


let  as  select  as  the  orthoear salized  base  ia  L*"  (P)  of  function 
e„(K)~ea kg-'(elX).  h = 0,  i — The  orthoaosality  of  bystea  W)  is  obvious; 
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let  as  denonstrate  that  this  systen  is  a base. 


Page  184. 


Actually,  in  §2  of  chapter  IX  is  shove*  that  say  cell/eleeeat  <pe 
L*  [F) caa  be  registered  in  the  fora  #t/q»  where  If  2,ckek  is 

aay  llaear  coebination  of  cell/eleaeats  ek,  thea  * 

h~2ckekl-hi-Iicke>»C). 


FOOTNOTE  *.  Bacall  that  ii«rii"” ' i a dicat  as  aora  ia  space  •2"'  (-*■»)• 
ENDFOOTNOTB. 


Since  the  linear  coabiaatioas  £cy?,u  are  dease  ia  eh7,  the 
last/latter  equality  aeaas  that  the  llaear  coabiaatioas  2<v*  are 
dense  in  L^(F),  i.  e.*  that  kn)  there  is  a base  ia  l/(P). 

Analogous  with  leasa  2 chapters  II  are  proven  the  following 
equalities: 


where  n,f(H7)  essence  projectors  ia  ^{-n.n)  on  ea'&2  (on 
Therefore 
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»«  *3^ 

no  no 

Sp  fl.+  - >]  «*)j-  - J](^o+^iVo+e*.  v*),  = 

*-0  ft-0 

i 

= £ (<5* re*.  <?*V  = £ ( flf  | e'«,  -J  e'«)<2’  - 


no 

00  ' 

1 -1  . 

12 

-m 

*-o 

II,"  £-elu 
u 

|(2)  j 

*-S  J 

*-o  -n 

c,-kea 1 

/--no 

i dk  = 

“ -J]  \c,?\i\.  (4.5) 

. /--no 

Lena  is  deioastcitad. 

To  us  it  regained  to  denonstrate  that  the  conditions  of  theoren 
8 were  equivalent  to  the  conditions  of  leena  6. 

Is  checked  that  satisfaction  of  the  conditions  of  thsorea  will 
dree  satisfaction  of  the  conditions  of  lenna  6.  Proa  (9.2)  it  follows 
that  In ae^rj(—  n,  n),  that  is  sore  Inae^'f-ir,  n).  Therefore  function 
a (X)  can  bo  registered  in  the  fora  a (k)  = | g,  (eix)  I2.  shore  g,  is  an 

external  function  of  class  «&2.  Consequently,  and  / (A.)  = \g(ea){2, 
where  the  external  function  g (z)  = P (z)  g,  (z). 

Page  185. 

If  e'\  e'*v  - soro  polynonial  P (z)  , then,  obriously. 


P{e,K) 

tv*) 


~e,a 


V 


n 

j-i 


-/x  -a 
e -e  J 
(X  (X 

e — e 


<?/«i*-/vX(_|)V 
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where  m is  nil  nasber.  Therefore  it  suffices  to  trace  faactioa  c, (A,) 


gi  W*) 


\ cm*iki 


•ad  to  deaonstrate  that  desceads  a series  2jk 


/<» 


i/rl/l- 


■e  eill  deaonstrate  even  convergence  of  series  Sl/'llc,,  I*.  for  this 


by  us  eill  be  required  the  following. 


Leaaa  7.  Let  the  faactioa  A (A.)  ~ belong  aj. 

Let  us  designate  by  w (I;  h|  the  aodale/aodulas  of  the  coatiaaity  of 
function  h in  aetric  -S'2,  i.e.f 


u(6;  A)=»  sup  ( f I /i  (X  + 0)  - /)  (A.)  |k/X 


\n 


Then  the  inequalities 


S|/||a/P<oo 


(4.6) 

(4.7) 


are  equivalent. 


Actually, 


on 

A)-]£  suP  4 Jj  I A,  |2sin2-y-  < 

n n-l  A<.i.  /- 

V IVf+«V  V 

"“I  l/K»  n-l  | /|  > n 

}j  >+4  2 l/ll/»/l2<5  y,/l|//,|2. 


/--» 


">  I/I 


/--CO 


d 
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Page  186. 


on  the  contrary,  for 


l*i<l 


and  therefore 


V„»(1;/,)^4V  V |/,,|W£> 

n n - 1 | / | ^ n 

>iV  ' V I I,  ;2  ,2  _ 

n-i 

"T  i l*/>V  i 77r>7i]l/ll*/iJ. 


" > I /I 


Leaaa  is  deaonstrated. 


Being  re  tamed  to  the  proof  of  theoren,  let  ns  note,  that  #i  - 

exp|Y<ln<,  + nna^}  tkat,  therefore,  $,/<?, ~exp{- /inn}.  where, 

generally,  throegh  h is  designated  function,  (haraonically) 
con jagated/coabined  h.  The  absolute  values  of  the  nodule/aoduli  of 
the  Fourier  coefficients  of  functions  In  a and  la  a coincide,  and 
therefore  u (6;  In  a)  * w (6;  In  a).  Further, 
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Therefore  and 


|cxp{—  / In  a (A.  4-  6)}  — exp  {—  i In  a (A.)}  | =» . 

— | exp { — / (In  a (A,  + 6)  - In  a (1) )}  — 1 |< 

< | In  a (A,  4-  6)  — In  a (K)  |. 


to  (fi;  a>(6;  ltifl)t=w(A;  In  a). 


■slag  coeverted  to  leeea  7,  ee  see  that  the  convergence  of  series 
^l/llfl/l2  will  dree  convergence  of  series  yl/'llc,,!1.  in  sunaation,  w< 
de  eon  at  rated  that  conditions  (4.1),  (4.2)  theorea  8 were  sufficient 
for  the  absolute  regularity  of  Gaussian  process  € (t) . 


The  need  for  these  conditions  is  proven  nore  coaplexly. 


Let  the  process  f (t)  be  absolutely  regular.  Then  it  is  regular 
and  has  spectral  density  f (X),  whereupon  Inf  eyf(-n,  n). 


Page  187. 


Let  us  introduce  Lnto  exaaination  the  coefficient 
(f ull/t ota 1/con plate)  of  the  regularity 


p (t;  I)  - suj>  J <r  (e,k)  f (1)  dK  » su  p | (<r.  *)/- 1, 
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ill 


where  sop  it  is  takes  oa  ell  #*  \|>,  that  belongs  with  respect  to  the 
single  spheres  of  spaces  (D.  x)(r). 


In  §1  has  already  been  noted  that  any  absolutely  regular 
Gaussian  process  satisfies  the  condition  of  powerful  airing  and, 
which  eeane*  completely  regular*  i.e.,  lie  p (r)  - 0.  Specifically* 

T~>oo 

will  be  located  sack  a k that  p(*)<i.  According  to  theorea  a 
chapters  r spectral  density  f (X)  it  is  possible  to  register  in  the 
fora 

/W  — l Pk,K)  Pa(A). 


where  P (a)  - polynoeial  with  roots  on|z|=  1,  and  function  a = e"  + ",  i| « if*’ 
< II  v if'”’  < n/2.  Oa  the  basis  of  the  saae  theorea  the  coefficients  of 
*M*l**iif  P \J%  •)  •■<*  P (▼;  Va)  * constructed  according  to  the 
spectral  densities  a and  1/a*  are  such*  that 

p (l ; «*)<!.  p ( U —)  -p<  i.  (4.8) 

Obviously*  function  a (X)  can  be  registered  as  j where 
gt  is  an  external  function  froa  3<\  if  we*  as  is  the  proof  of 
sufficiency*  placa 


c i (A.) 


77(7*7 


_ V r piki 

smJcife  • 
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3-14 

that  hi  laaaa  4#  dying  op  the  already  used  a bore  equality  'p  |*.,j 
e"e~"  (— l)v,  it  is  easy  to  deduce  convergence  of  series  S I / 1 1 c,/  i*. 

— no 

Page  188. 

If  this  series  descends,  then 


no 

2 inf  (1  c,  (A.)  — e~  lnKA  (X)  ||<*>)J  > 

H-Q  A*  H* 

no  — (rt  + l) 

< £ 2 |c(/|*  = 

n »0  —no 


n 

V 


I / 1 1 Ci / Is  < oo , (4.9) 


Let  us  select  the  seqaesce  of  polyoosiala  An{z)  so  that 

£ (Hr,  «<*))*<  oo,  (4.10) 

« — 0 

let  us  assess  e-'**#,/), =*  Qn  (e-'*)  + Bn,  where  Qn(2)  - the  polyaoaial  of 
degree  is  not  higher  than  n,  a as  the  strength  of  (4.8) 
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p,°' 


(lie,  (X) (*)||<2>)a. 


= J I (2,  (eiX)  - Q„  (e~,K) ) - Rn  (e‘>)  ? > 

— Jl 


> J I Si  (e,K)  ~ Q„  (e-*)  I2  •—  + J I Bn  (<•“)  f JL-  - 


! f 

2,  ! (. gl(ea)-Q„(c-a))Bn  (e'k) 


tlX. 
a (A.) 


>- 


J I gi  (e,x)  — Qn  (e~iK)  I2  ~ 


dx. 

U) 


dX. 


lB'‘{c'K)  1 a,Xf“ 


-2p|  I lgi(e,x)-  Q„(e~a)i2-^-  | | Bn  (eIK)  \2  ,IK 


a (A.) 


a (A,)  J 

— n 
n 

X*  - p)  J I tfi  (<’"■)  - Qn  (e~iK)  P ‘ll 


Page  189. 


Therefore  togethar  with  together  (4.10)  descends  the  series 


Vj„f  J | k,  (ea)  »-  P„  (eIK)  \2 


dX. 


fi~0  n -n 


( X. ) 


»o  ” 

— inf  Jlgl(e^)-Pn(e'A)|»_^_,  (4.1  [) 


n*«0  n — n 


where  inf  it  is  taken  on  all  polynomials  P„(e,K)  degree  sot  higher 


DOC  * 77182  309 


PAGE  . 


than  n. 


Our  problea  was  reduced  to  research  of  the  properties  of  the 
best  approach/approxiaations  of  function  gt  (X)  by  polynoaials  in 
space  ae tries  with  weight  1/a.  It  is  logical  for  this  purpose  to 

iatrodace  the  polynoaials  q>v(z;  Ha)  ~<rv(z),  v ^ o,  I orthogonal  with 

weight  1/a~  For  reader's  convenience  a series  of  the  proparties  of 
such  polynoaials  is  foraulated  below  in  the  fora  of  several  leaaas. 
The  proof  of  these  leaaas  can  be  found  in  aany  aanageaent/aanuals  on 
orthogonal  polynoaials;  we,  in  particular,  everywhere  refer  below  to 
aonograph  [11]  of  0.  Grenander  and  G.  Sege,  the  aost  close  to  the 
specialists  in  the  probability  theory. 


Let  w (X)  - the  nonnegative  suaaarized  function  on  Let 

us  additionally  assess  that  In  u<  s (- n.'n),  so  that  w (A.)  - | y (<?m)  I2, 
where  y (z)  - the  external  f sect  ion  of  class  3t'2.  Orthogonal  with 

weight  w polynoaials  po(z;  ti>),  q>i (*;  “’) <pv(z;  w), ...  are  called 

polynoaials  such,  what 


I 


a)  Tv  - polyaosial  of  degree  v with  the  positive  coefficient 

with  leading  tern; 

h)  | Tv  («;  oOTwto  ®)  a'  (K)  dk  = 


z — ea. 
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is  placed,  factktr,  <(z;  w)-»2"$v(z-1).  Polynonials  <pv,  <p;  are 

connects*  by  following  relationship/ratios  (see  [11],  by  page  58): 

= *„+ ,«p,  (2)  + /,1+  ,<  (2).  (/<' I2) 

where  through  in  they  are  designated  respectively  the 
coefficient  with  z"  a ad  the  absolate  tars  of  polyaoaial  <jv 

Page  190. 


Let  as  designate  by  cv  v-  - 1 Poarier  coefficients  functions  w 
and  is  placed 


Dn  (w)  =»  ilet||  II,  v,  ji  = 0,  1 n. 


Deterninaats/?„(a/)  are  called  concentrating  definitions,  which 
correspond  to  weight  (function)  a.  They  occur  of  equality  ([11],  of 
page  5%) 


M») 


I D„-,(«>)  \i« 

\ />„<«’)  > ’ 


n = 1, 


(4-13) 


Let  us  deternine,  further,  geonetrical  aeaa  G (a)  of  function  w 
by  the  equality 


G l'w)  = exp 


n 

2^-  J In  w (\)d\ 


Leasa  *•  f«*«tios  a (X)  be  deteraiaed  and  saaaarised  on  [-«, 
nj,  a VO  ««d  In  bus-?™.  Let  as  before  w (x)‘«=  | y (<?'*)  p,  where  y 
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are  an  external  fa  action  froa  Of1-  Let  finally  <rv  (*)  = <pv  (2;  w)  be  the 
orthogonal  polyaoaials,  associated  with  weight  «.  Then 


s(z;  w)  = s(z)=*  Y <pv  (0)  q>v  (z)  |z|<  1,  (4.14) 

~ v(0)  yf?) 

l(m  kn  (w)  = [G  , (4.15) 


it  is  evenly  in  any  circle  |z]^  r < 1 

limcr;  W=.yW.  1 16) 

M-hOO 

Leana  9.  Oader  conditions  of  leaaa  8 


kn  = = 'Id 1 Tv  (°:  w)  I2. 


G (W)  ^ 


! f 2j  I <PV  (0. 

\ o 


o 

tti)  iJ 


(4.17) 


The  proof  of  first  equality  (4.17)  see  in  [11],  page  56;  second 
equality  (4.17)  follows  froa  the  first  and  fornula  (4.15). 

Page  191. 

Leant  10.  If  (A.)  = y— 5^ , where  l'(z)  is  a polynoaial  of  degree 

P,  everything  aero  which  they  lie/rest  at  circle  |s|  < 1,  then  for  \>p 


<p„(z)«*zv  'Hz). 
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Proof.  If  v>p,  • n<v.  thea 


jr-'*‘Vv(^)a’W^  = 7 j 7^f  = 0-  W-W 


thoa  siaca  integrand  is  analytical  in  circle  \z\4  1.  Actually, 

P 

= ijY/zy.  thea  on \z\»  1 

0 

z"1'  (z)  = 2 v l2"~,< 

0 

and,  therefore,  fanctioa  (z'T(7))-1  allow/assuaes  analytical 
continaation  in  circle \z\<  1.  Equality  (A.  18)  aeans  that  the 
polynomials  <rv(eIK)  are  orthoqoaal  to  all  functions  e'»‘\  p<v. 
equality 

n 

~ J I <rv  (ea)?w(X)  dk  - 1 

-n 

is  obvious.  Leaaa  is  demonstrated. 


Lenaa  11.  Onder  coaditioas  of  leaaa  10  for  all  v>p 


Oy(lf) 

ig  (u»)r+i 


On(w) 

ig  <»)]'+• 


— exp 


{t 

1 l*l<l 


</( T 


(4.19) 


i*  rw 


The 


where  as  before  y (z)  the  external  function  of  class  deter aiaed 
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Page  192. 


No*  we  have  all  the  necessary  information 
polynomials  and  can  return  to  the  proof  of  our 


relative  to 
fundamental 


orthogonal 
theorem  8. 


Thus,  let  <Tv (*)  =* Tv (*;  >/")-  the  orthogonal  polynomials,  which 
correspond  to  weight  1/a,  Let  us  note  that  y^xnr  ” I Y (e'x)  I2.  where 

the  external  function  v (ea)  = ! • Hence  on  the  basis  of  formula 

(4.14)  it.  follows  that  Fourier  coefficients  function  gt  = 1/y  in 
orthogonal  systea  {trv(c'*)}  essence  <Pv (°) V (0).  Therefore 


n’ 


inf  | I g,  (ea)  ~ Pn  (f,k)  I*  70CT 

P " 

’ n _ tf 


V (0)  I*  I Tv  (0)  I* ■ 

n+  I 


Convergence  of  series  (4.11)  makes  it  possible  to  claim  that  also 


£ £ I Tv  (0)1*-  £v|<rv(0)P<oo.  (4.20) 

n«»0  %•*•»»  4* 1 v 

Further  our  target/pnrpose  is  to  show  that  the  convergence  of 
series  (4.20)  will  draw  convergence  of  series  (4.2).  For  this  purpose 
besides  polynomials  t«U)  let  us  examine  polynomials  <r.vn (*)  = T«(*;  I T«  f*)- 
the  orthogonal  polynomials,  associated  with  weight  i (c'x)  | 2 . is  is 
known  ([11],  page  57),  zero  orthogonal  polynomials  T«(*:  which 
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correspond  to  any  weight  w,  they  lie/rest  at  region|z|<  1. 
Consequently,  zero  polynomial*  *P»  (?)“*"  (v,  (*' ')  they  lie/raet  oatside 

circle jzj^  1,  so  that  (r’,(?)-  ezteraal  functions  froa  <&*. 

Purtheraore,  on|z|«  1 occurs  equality  I *r„ J*  = | g* | 2.  so  that  (q^)-1-  the 

external  function,  which  corresponds  to  weight  |<r(1|'"i. 

Farther,  on  lease  10 

. qp v„  (z)  = *"“>„(*).  v>n. 

Specifically,  <r„,,  (?)  = fn  (?)•  Proa  this  equality  and  identities  (4.12)  it 
follows  that 

ffy.  (?)  ■=  Tv  (?).  v<«.  (4  21> 

Page  103. 

Orthogonal  polynomials  <rv(?)>  it  goes  without  saying,  are  linearly 
independent,  so  that  with  all  k of  function  cliy  essence  the  linear 
combinations  of  polynomials  <pv(z),  0 < v<A\  Ranee  and  froa  (4.21)  it 

follows  that  first  n ♦ 1 Fourier  coefficients  <o c„  (but  that  seans 

and  c-»’ 

Consequently, 


V I | 

c-"  Cn>  the  functions  of  “77;  and  — a they  coincide. 

v 1 I Tn  (e  ) I 


DJ(|q>(,r-,)«D,(|).  s<n. 


By  using  leaias  8,  9 let  us  find  with  the  help  of  the 
last/latter  equality  that  for  all  s ^ n 
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3^3 


] ( I T*  I ^ -»  ln  ( I i ) 

na(krr  Ql\*n\~*f*1 


= v In  Dk  (,'  ^■l-^lT  + |n  D0(|  <p„  r2)  - («+  1)  In  G (l  <r„  f*)- 

Ofc~,  ( I <Pn  | ) 


n S I Tv  (0)  |*  rt-l 

V , » V 

■ 2j|ni ~ 2j 

*-•  I vv(0)  !■  *-» 


_ _ V In  | _ *±L 

' * M 


S I -Tv  (0)  I’ 


V I Tv  (0)  I* 
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S I TV  (0)  |* 

Farther,  set/assaning  i±J =n,  let  us  hawe 

y i tv  (o)  i* 


, Si  tv  (0)i*  . ■ . 

\ Si  Tv  (0)1*/ 


S I Tv  (0)  |* 

^ *n^r  < ° ' 2 T<M6)  i*  ' c,a* 


where  through  C^hare  and  below  are  designated  constant.  Hence  and 


DOC  = 77182310 


PAGE 


DOC  = 7/1B2J10  PAGE  —TT  / 

froa  (4.22)  follows  the  inequality 


n — I n 

,< £1 V V 

G^<Pn|  ^ il«Tv(0)|*  Wv-Tti 


In  ( I f" 


Tv(0)  lJ< 


< 1W(WF  2 V| 1 * (°) P = c» S v I ,pv (0)  lJ. 


On  leans  11  then  and 


II 

i*i<i 


(«*>)' 


Tn  <?> 


</a<C,2Jv|<Fv(0)|J.  (4.23) 

V-l 


On  the  strength  of  equality  (%. 16)  of  lsssa  8 limq>;(z) * — it  is 
evenly  in  any  circle Jzj^  r < 1.  Together  with  analytic  functions  <(*) 
in  this  circle  evenly  converge  to  (--I---)'  also  derivatives^^))'- 

Therefore,  by  passing  in  inequality  (4.23)  to  liait  with  n — 
will  obtain  on  the  basis  of  Fatu's  leaaa  that 


»• 


II 

l*l<i 


Kl  (?) 


Pi  (?) 


rfa^C^v  | «pv  (0)  P-  (4-24) 

v-l 


Is  expressed  now  integral  on  the  left  side  (4.24)  through 
Fourier  coefficients  the  suanarized  function  In gt (<?'*■), 

Let  as  note  first  that  the  function  In  (r,x)  represents  boundary 
value  on  circuafer ence  |z|  = 1 function  In  g(  (i),  analytical  in  region 
z |<  1 (external  function  gt  (z)  does  not  have  as  zeros  in  circle|z|< 
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1) . Therefore  the  expansion  of  Fourier  function  ln£,(<?a)  contains  only 
nonnegative  dogmas  «'*•  Analogously  Fourier  series  function  Hi  (e'v 
contains  only  noapositive  degrees  eiK.  Fort  her  so  re. 

In  gi  (ea)  + in  g{  (ea)  - In  a (X). 
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Consequently,  Fourier  coefficients  function  In*,  (r'M  coincide  with  the 
appropriate  Fourier  coefficients  function  In  a (X),  i.  e., 

ee 

In  g i (<?'x)  ~ y fl0  + ^ a*'*. 


By  passing  to  the  calculation  of  integral  in  (4.24), 
first  that  with|z|£  r < 1 


e\(*) 

ii\  (?) 


(In*,(z)  )'  = ^sn/-'. 

S-l 


let  us  note 


Therefore 


JJIttwI  rf"  - j p rfp  / 


|il<r 


V | dk  =» 


.i-i 


-X5  ' 

2ji  V s2|<i,l2  ) p2*-'rfp«n^5|a,|2r2,-^n 


s-l 


Hence  and  froe  inaqoality  (4.24)  follows  the  assertion  of  the 

et> 

2 | s 1 1 a , I*  < oo- 

» — ee 


theoren 
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Theorem  8 is  completely  demonstrated. 


85.  Condition  of  absolute  regularity.  Processes  with  continuous  tiae. 


In  the  case  of  processes  with  continuous  tiae  we  in  state  to 
demonstrate  only  the  weaker  (than  theorem  8)  result,  analogous  to 
lemma  6,  toward  formulation  of  which  we  now  will  begin. 


Let  <5  (t)  be  a stationary  process  with  continuous  tiae. 
Absolutely  regular  process  is  regular,  so  that  without  loss  of 
generality  it  is  possible  to  assume  that  the  process  C (t)  has 
spectral  densities  f (X)  and  that  f (X)  = |g  (X)  J*,  where  gs*1  in  the 
upper  half-plane. 


Page  186. 


Let  us  designate  by  c,(«)  the  Fourier  transform  functions 
^Theorem  9.  Stationary  Oaassian  process  ? (t)  is  absolutely  regular  in 
that  and  only  that  case,  if  it  is  regular  for  any  T 0: 

-r 

/ (F)  lim  | I u ||  ct(u)  ?du  < oo. 

p -a  0 J 


(5.1) 
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It  is  obvioas,  ex  e L(X.  »>(f).|»ecall  that  in  accordance  with  results  §2 

A*\  \ 

chapter  II  Llx.m)(F)  = — 
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taaaa  12.  Iategrala5r  «*  [ (Brex,  e„)rdx<  ocio  that  and  only  that  case* 

-/  t 

ifj  | u ||  c,  (u)  I*  du  < ^sNoraover, 

• 00 

-r 

Sr  - J ( | « | - D | c.  («)  |*  </«.  (5.3) 

•.(W 

Proof,  on  the  basis  of  formulas  (5.2)  for  xt  j } T 


Further, 


(BtCx I ?u)f  ~ 0 ' 


f __  [ K (1)  iea*  \ e (*•>  V* 

J i tncr  t+tkI  twt  rf^ 


'(X)  it 


UNM  r 

7+ar"  J 


n 

n«"7T^"  {^c.(«-x)d«. 
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Consequently , for  x,  y T 

o 

(Btex,ey)r  = J ct(it-  x)ce(u~  y).  (5.4) 

— ee 

Specifically,  If  i >/  T 


(liTex,ex), r=  f | c,  («)  I2  du,  (5.5) 
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Page  108. 

— E 

If  integrals  in  (5.6)  are  final,  function  C (z)  = [|ce(«)i}d«  is 

— no 

integrated,  but  tiis  function  is  nonotonic,  and  therefore  * with*-"00- 

C(jc)  = o(  jr1). 


footnote  *.  Let  cu)>o,  c(x);  and  [c  (*)<**<«. 

T 


FNDFOOTNOTE. 


C(«k|  | c (i/)  dy  - o (•*  ')• 

Jf.TT 


With  large  x 


Therefore,  by  integrating  integral  in  the  right  side 
of  eguality  (5.6)  in  parts,  let  us  find 


| dx  J | ct  (h)  ?du  - 

T -» 


op 

TC  (H+.J  «|ce(-«)  1 2 du  — 
r 

-r 

- J (|m  I - HI  c,  (m)  I2  du. 

— no 


Conversely,  if  descends  integral  in  the  right  side  of  eguality 


(5.3),  then 
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-X 

CW<-j4y  J \u\\ct(u)?du  = o(x-1), 

— oo 

and  in  (5. 6)  again  it  is  possible  to  integrate  in  parts.  Leana  is 
demonstrated. 

Thus,  let  process  5 (t)  is  absolutely  regular.  According  to 
theorea  4 this  Beans  that  will  be  located  the  nuaber  r,  with  0 < r < 
-,  such,  that  the  operator  lit  is  a completely  continuous  operator 
with  the  final  trace. 

Page  199. 


Let  <P/  (1)  — <P/  — be  operator*  s personal  (calibrated)  vectors  /jtf,  a i*j - 

corresponding  to  thea  eigenvalues.  With  all  e>0,  t 


(B+ex,  ex)F  - 2 | P/  W \\b; <p/t  <?,)F  = 2 P,  | f»,  (*)  | . (5.7 


where  p,  (x)  = <p/)r-  Since 


functions  <T/ 


*P/  ^ ^(r,  .,(n- 


JXt 

i 


JXt 
e M/i 


can  be  registered  in  the  forn  T/ = — so  that 
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Hence  and  froa  (5.7)  follows  the  inequality 


(Dtex,  < 

/ 

< y t‘/ii  <t/  iif = y t‘/ = sp  Bt . 


Ob  le««a  12 


lim  f ( | // ) — x) | cr  (»/)  I2 rfw  = lim  [ (Btex,  e,)F  rf.v<  Sp  P$. 
.-.n  J ' «-»«: 


let  us  place  T * 2r.  The  last/latter  inequality  Beans  that 


— i 

fim  f | u ||  ct(u)  ?du  < lim  2 f (|  u | - t)|  c,  (m) 

•-»0  ■<  e-»0 

^ Sp  6,+  < oo.  (5.8) 
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The  need  for  the  conditions  of  theorem  is  demonstrated. 

Page  200. 


Let  as  demonstrate  their  sufficiency.  He  should  construct  any 
or t honor malized  base  («/{«  Lit.  •*■)(/")  and  to  demonstrate  that  a series 

B/)r descends.  The  sns  of  this  series  will  be  equal  tu  operator's 
trace  * flr- 


FOOTNOTE  *.  See  [5],  page  55;  let  us  note  that  nf~  the  positive 
operators.  ENDFOOTNOTE. 


As  this  base  we  will  select  for  the  function 


0/(1) 


a'W-ear7W ' 


a,(k) 
/'-  0.  1. 


Leant  13.  Functioned, (A),  / = 0,  I form  hollow  orthonoraal  system 


is  L{1,m)(F). 
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Proof.  Is  sufficient  to  consider  case  of  T * 0.  Siacn /.w.  „>  (F)  - L*  (f)  *» 
§2  chapter  II),  it  is  to  demonstrate  that  the  faactloas  at(K) 
fora  f ull/total/coaplete  orthonormal  system  in  eh'2. 


Let  for  certainty  lc  >,  1,  then  * 


(ak,  a,f'  •=■ 


dk. 


^OOTWOTE  *.  Bacall  that  (<r.  ♦>'’>  indicates  the  scalar  product  in 
hilhert  space  IT  <-«.  «)  = «*••  BBDPOOTVOTE. 


Integrand  in  this  integral  is  analytical  in  the  upper  half-plane, 
with  the  exception  of  pole  at  point  i.  The  deduction  of  integrand  at 
this  point  is  egual  to  0,  if  k-t  > 0,  and  1/2i,  if  k-t  = 0. 

Consequent ly , 

(a*.  a/),2>  = A„. 

The  orthonornality  of  systaa  a,,  / — 0.  I,...,  and  with  it  and  systaa  a,.  / =*0.  I, 
....  la  establish/installed. 

It  reaaiaed  to  check  the  coapleteness  of  systaa  «/./'- 0,1 in*2. 

Let  q>(A)-ir«sefc*  it  is  necessary  to  deaonstrate  that  as  sooa  as  (<j>, n,)me.o 
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for  all  j ■ 0,  1,  ....  then  U (A)  s 0. 

Page  201. 

The  function  is  t.he  boundary  value  of  function  P (z)  , z * x ♦ 

ip#  analytical  in  apper  half-plaae  p > 0 and  such,  that 

AD 

sup  | | <p(X  + /p)  prfA,  < oo. 

|l 

— no 

Therefore  the  integral 

no 

J <r  Wfl>)<a  = (T,<i/f 

— no 

can  be  coiputed  with  the  help  of  calculus  of  residues;  integrand  has 
in  the  upper  half-plane  the  only  pole  of  order  j ♦ 1 at  point  z = i. 
Consequently,  for  all  j * 0,  1,  ...  they  occur  of  the  equality 

no 

J V(X)^7F)dX«-^-p-(-l)'+,^q,(z)(z  + i)MI|/.<  =0. 

— no 

Bxanining  these  equalities  consecutively  for  j « 0,  1,  ....  ve  will 

obtain  that  all  der  ivati van <!><'»(/').  j = 0 . | analytic  functions  ♦ (z)  are 

equal  to  zero.  Therefore  P (s)  = 0,  P (X)  0.  Leana  is 

deaonstrated. 

Let  as  pass  to  the  calculation  of  saa v<fl+n/  a,)F  Let  us  dasignate 

by  A,(x)  the  transf ors  the  Poarier  faactioa 

no  ' 

a'{k)~7%r!  ',K*A,(x)dx. 

o 

I 

. 


r 
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*>H* 

ai  (X)  i •<?/(!)  <’l>  1 

Let,  further,  nlt(X)  — i ~ “ r+7T"  TTlM  °®  the  strength  of  (5.6) 


a /t,  ct/r)/r  — j | (flr 

o li 


<\+ t.  <*»>  t)  Ai  (a)  A/  (//)  dx  di/  ~ 

0 I no  I? 

- f du  | | c,  (u  — a — x)  A i (a)  dx  . 


Page  202. 

j 

Relying  on  leama  13,  it  is  not  difficult  to  show  that  the 
functions  At(x)  forn  the  f ull/total/conplete  orthonoreel  set  in-S^O,  oo). 

Actually,  the  Fourier  transforn  of  functions  froe  ®v2  is  converted 
into  *ero  on  half- line  (-•,  0)  (neq)  on  the  contrary,  any  function 
froe  -^(O,  oo),  if  it  are  defined  by  zero  on  half-line  (--,  0),  can  be 
considered  as  the  Fourier  transforn  of  functions  &C7  (actually,  this 
assertion  is  a known  theoren  of  Peli  - Weiner).  Consequently, 
operator  0:  oo),  coaparing  each  function  froa  eH7  its 

Fourier  transforn,  it  realizes  isoaetric  conforaity  between  e*2sid  -S"(0,  oo). 
Specifically,  since  {«/}  there  is  the  full/tot  a 1/coaplete  orthonoraal 
set  ia  function  A,  fora  the  f ull/total/conplete  orthonoraal  set 
in  -2”(0.  oo)  «. 

I 

J 

I 


r 

M 

► 

II' 
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POOTBOTB  *.  It  is  not  difficult  to  count,  that  A/(x)~e~*i./(2x),  wher e^/M- 

• / V 

- ic/  ^-tkwre  is  Laguerre's  j polynoaial  (m  (2*)).  BIDPOOTIOTB. 

VUO 


I 


Let  us  exaaiae  faactioa  c,{u-x- r)aith  f ixedA*corded  u,  T as 

cell/eleaent  of  space  ^(0,  <»).  Let  as  register ct (u-x- T) it  the  fora 


where 


also,  with  all  u 


V„. 
1-0 


r,  (n  - .v  - T)  = 2 Y / («)  /I/  (a:). 

l-o 


Y / («)  = | ct(u  — x—  T)  A;  (x)dx 


OO  II  — T 

I Y/  («)  P - / I C,  (w  AT  T)  I*  rf.t  = f I C,  (v)  p dv. 
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Consequently,  with  all  e>0 


By  set/assuming  e-*0,  l*t  us  find  that  with  all  n 


It. 
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Sp  Bt  - (Br a,,  a/)j>  < litn  | (|  u | — T)  |ce  («)  |*du  < 

/- o e"*°  — oo 

-r 

<lim  f | u ||  ct  (u)pdu<  oo.  (5.3 

» *0  « 


Theorem  is  deaonst rated. 

Observation.  Tf  we  compare  inequalities  (5.8)  and  (5.9),  it  is 

not  difficult  to  comprehend  that  in  reality  for  all  T there  is, 

-r 

infinite  possible,  a Halt  lim  f \u  ||  ct(n)  |*</«  and  that 

-r 

Sp  Bt  = lim  f (|«|-r)|ft(«)|,rfii. 


